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Figure 6. Masses M and spin parameters a of the 19 SMBHs for which both
parameters are constrained. Following the conventions of the primary literature, the
spin measurements are shown with 90% error ranges, whereas the masses are shown
with 1σ. This is an updated version of a similar figure appearing in [55].

In Fig. 6 we take the 19 of these objects that also have mass estimates (from various

techniques; see [55]) and place them on the (M, a)-plane. There are several interesting

points to note about this plot. Firstly, there is clearly a population of rapidly spinning

BHs (a > 0.9), especially below masses of 4 × 107M⊙. This is a strong indication that

these SMBHs grew (at least in their final mass doubling) by the accretion of gas with a

coherent angular momentum. Secondly, there are some SMBHs for which intermediate
spins (0.4 < a < 0.8) are inferred, and these tend to be the highest mass systems

(M > 4 × 107M⊙). While the small number statistics and ill-defined selection effects

prevent firm conclusions from being drawn, this may be the first hints for a mass-

dependence to the SMBH spin distribution, with a more slowly spinning population

(corresponding to growth via BH-BH mergers or incoherent accretion [56]) emerging

at the highest masses. Lastly, there are no retrograde spins measured even though
our technique is capable of finding them. A single epoch analysis of the BLRG 3C120

suggested an accretion disk truncated at r ∼ 10M , possibly indicating a rapid retrograde

spin [57], but a multi-epoch analysis revealed that this was a rapidly-rotating prograde

BH with a disk that undergoes transitory truncation related to jet activity [51].

3.7. The emerging field of broad iron line reverberation

An important characteristic of accretion onto BHs that we have not yet addressed is

the time-variability. Fundamentally, the variability is driven by a combination of local

instabilities (such as the magnetorotational instability that drives MHD turbulence [21])
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Naturally weighted 2005 VLBA images of 0402+379 at 8, 15, 22 and 43 GHz. Contours are drawn

beginning at 3  and increase by factors of 2 thereafter. The peak flux density and rms noise for each

frequency are given in Table 1. The labels shown in the 5 GHz map indicate the positions of the two strong,

compact, central components derived from model fitting.Most convincing  
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Three dynamics, and three times
1. Orbital motion 
2. Spin & orbital-plane precession 
3. GW emission and inspiral
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tRR / (r/rg)
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Kepler’s third law 

Quadrupole formula 
Peters & Matthews 1963

Apostolatos et al 1994

if (Post-)Newtonian

Precession InspiralOrbit << <<
:  timescale hierarchy

BH binary multi-timescale analysis:
1. Solve the dynamics (hopefully analytically) on the shorter time 

2. Quasi-adiabatic evolution (“average”) on the longer time

Common practice in  
binary dynamics 

• periastron precession 
• osculating orbital 

elements 
• variation of constants

r � rg = GM/c2



Precession InspiralOrbit << <<
Usual Post-Newtonian dynamics

Constraints
• Spin magnitudes are constants 
• Take a smart frame (3 constraints) 

e.g. Kidder 1995

Variables 
• Total mass (units) 
• Mass ratio  
• Three momenta, 9 components L,S1,S2

M = m1 +m2 = 1

q = m2/m1  1

Si = �im
2
i

Orbit-average PN evolutionary equations
Ṡi = ⌦i ⇥ Si

˙̂L = �(Ŝ1 + Ŝ2)/L

ṙ = PNapproximant

• Spin precession 
• Momentum conservation 
• Radiation reaction

L = q
p
rM3/(1 + q)2

Double-spin precession is (usually) a 4D problem: r, ✓1, ✓2, ��
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FIG. 1. Reference frames used in this paper to study BBH
spin precession. The angles ✓

1
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2

, ��, and ✓
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are defined
is a frame aligned with the orbital angular momentum L (left
panel). The binary dynamics can also be studied in a frame
aligned with the total angular momentum J (right panel).
Once L is taken to lie in the xz-plane, its direction is spec-
ified by S through the angle ✓L. The angle '

0 corresponds
to rotations of S1 and S2 about the total spin S. The two
frames pictured here are not inertial because the direction of
L changes together with the spins to conserve J. These angles
are defined in Eqs. (2), (4) and (9).

of these parameters, greatly reducing the number of de-
grees of freedom. At the PN order considered here, the
magnitudes of both spins are conserved throughout the
inspiral, reducing the number of degrees of freedom from
nine to seven. The magnitude of the orbital angular mo-
mentum is conserved on the precession time (although
it shrinks on the radiation-reaction time), further reduc-
ing the number of degrees of freedom from seven to six.
The total angular momentum J = L + S1 + S2 is also
conserved on the precession time, reducing the number
of degrees of freedom from six to three. As described
in greater detail in the next subsection, the projected
e↵ective spin ⇠ [55, 56] is also conserved by both the
orbit-averaged spin-precession equations at 2PN and ra-
diation reaction at 2.5 PN, providing a final constraint
that reduces the system to just two degrees of freedom.
In an appropriately chosen non-inertial reference frame
precessing about J, precessional motion associated with
one of these degrees of freedom can be suppressed, im-
plying that the relative orientations of the three angu-
lar momenta L, S1 and S2 can be specified by just a
single coordinate! We will provide an explicit analytic
construction of this procedure in this and the following
subsection.

We begin by introducing two alternative reference
frames in which the relative orientations of the three an-
gular momenta can be specified explicitly. As shown in
the left panel of Fig. 1, one may choose the z

0-axis to lie
along L, the x

0-axis such that S1 lies in the x

0

z

0-plane,
and the y

0-axis to complete the orthonormal triad. In

this frame only three independent coordinates are needed
to describe the relative orientations of the angular mo-
menta; we choose them to be the angles

cos ✓1 = ˆ

S1 · ˆL , (2a)

cos ✓2 = ˆ

S2 · ˆL , (2b)

cos �� =
ˆ

S1 ⇥ ˆ

L

|ˆS1 ⇥ ˆ

L| ·
ˆ

S2 ⇥ ˆ

L

|ˆS2 ⇥ ˆ

L| , (2c)

where the sign of �� is given by (cf. Fig. 1)

sgn �� = sgn{L · [(S1 ⇥ L) ⇥ (S2 ⇥ L)]}. (2d)

The relative orientations of the three angular momenta
can alternatively be specified in a frame aligned with the
total angular momentum J. For fixed values of L, S1,
and S2, the allowed range for J = |J| is

Jmin  J  Jmax (3a)

where

Jmin = max(0, L � S1 � S2, |S1 � S2| � L) , (3b)

Jmax = L + S1 + S2 . (3c)

As shown in the right panel of Fig. 1, one can choose the
z-axis parallel to J and the x-axis such that L lies in the
xz-plane:

J = J ẑ and L = L sin ✓Lx̂ + L cos ✓Lẑ . (4)

The third unit vector ŷ = ẑ ⇥ x̂ completes the orthonor-
mal triad. The total spin S = S1 + S2 = J � L will also
lie in the xz-plane:

S = �L sin ✓Lx̂ + (J � L cos ✓L)ẑ , (5)

implying

cos ✓L =
J

2 + L

2 � S

2

2JL

. (6)

We can also define a unit vector

Ŝ

?

=
(J � L cos ✓L)x̂ + L sin ✓Lẑ

S

(7)

which also lies in the xz-plane but is orthogonal to Ŝ.
While the magnitudes L and J of the orbital and to-

tal angular momenta are conserved on the precession
timescale, the same is not true for the total-spin mag-
nitude S, which oscillates within the range

Smin  S  Smax , (8a)

where

Smin = max(|J � L|, |S1 � S2|) , (8b)

Smax = min(J + L, S1 + S2) . (8c)
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A closer look…

Double-spin precession is (actually) a 1D problem!

4D is too much. Can we further exploit the timescale hierarchy? 3
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ŷ

0

S

?

= ŷ ⇥ S

FIG. 1. Reference frames used in this paper to study BBH
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are defined
is a frame aligned with the orbital angular momentum L (left
panel). The binary dynamics can also be studied in a frame
aligned with the total angular momentum J (right panel).
Once L is taken to lie in the xz-plane, its direction is spec-
ified by S through the angle ✓L. The angle '

0 corresponds
to rotations of S1 and S2 about the total spin S. The two
frames pictured here are not inertial because the direction of
L changes together with the spins to conserve J. These angles
are defined in Eqs. (2), (4) and (9).

of these parameters, greatly reducing the number of de-
grees of freedom. At the PN order considered here, the
magnitudes of both spins are conserved throughout the
inspiral, reducing the number of degrees of freedom from
nine to seven. The magnitude of the orbital angular mo-
mentum is conserved on the precession time (although
it shrinks on the radiation-reaction time), further reduc-
ing the number of degrees of freedom from seven to six.
The total angular momentum J = L + S1 + S2 is also
conserved on the precession time, reducing the number
of degrees of freedom from six to three. As described
in greater detail in the next subsection, the projected
e↵ective spin ⇠ [55, 56] is also conserved by both the
orbit-averaged spin-precession equations at 2PN and ra-
diation reaction at 2.5 PN, providing a final constraint
that reduces the system to just two degrees of freedom.
In an appropriately chosen non-inertial reference frame
precessing about J, precessional motion associated with
one of these degrees of freedom can be suppressed, im-
plying that the relative orientations of the three angu-
lar momenta L, S1 and S2 can be specified by just a
single coordinate! We will provide an explicit analytic
construction of this procedure in this and the following
subsection.

We begin by introducing two alternative reference
frames in which the relative orientations of the three an-
gular momenta can be specified explicitly. As shown in
the left panel of Fig. 1, one may choose the z

0-axis to lie
along L, the x

0-axis such that S1 lies in the x

0

z

0-plane,
and the y

0-axis to complete the orthonormal triad. In

this frame only three independent coordinates are needed
to describe the relative orientations of the angular mo-
menta; we choose them to be the angles

cos ✓1 = ˆ

S1 · ˆL , (2a)

cos ✓2 = ˆ

S2 · ˆL , (2b)

cos �� =
ˆ

S1 ⇥ ˆ

L

|ˆS1 ⇥ ˆ

L| ·
ˆ

S2 ⇥ ˆ

L

|ˆS2 ⇥ ˆ

L| , (2c)

where the sign of �� is given by (cf. Fig. 1)

sgn �� = sgn{L · [(S1 ⇥ L) ⇥ (S2 ⇥ L)]}. (2d)

The relative orientations of the three angular momenta
can alternatively be specified in a frame aligned with the
total angular momentum J. For fixed values of L, S1,
and S2, the allowed range for J = |J| is

Jmin  J  Jmax (3a)

where

Jmin = max(0, L � S1 � S2, |S1 � S2| � L) , (3b)

Jmax = L + S1 + S2 . (3c)

As shown in the right panel of Fig. 1, one can choose the
z-axis parallel to J and the x-axis such that L lies in the
xz-plane:

J = J ẑ and L = L sin ✓Lx̂ + L cos ✓Lẑ . (4)

The third unit vector ŷ = ẑ ⇥ x̂ completes the orthonor-
mal triad. The total spin S = S1 + S2 = J � L will also
lie in the xz-plane:

S = �L sin ✓Lx̂ + (J � L cos ✓L)ẑ , (5)

implying

cos ✓L =
J

2 + L

2 � S

2

2JL

. (6)

We can also define a unit vector

Ŝ

?

=
(J � L cos ✓L)x̂ + L sin ✓Lẑ

S

(7)

which also lies in the xz-plane but is orthogonal to Ŝ.
While the magnitudes L and J of the orbital and to-

tal angular momenta are conserved on the precession
timescale, the same is not true for the total-spin mag-
nitude S, which oscillates within the range

Smin  S  Smax , (8a)

where

Smin = max(|J � L|, |S1 � S2|) , (8b)

Smax = min(J + L, S1 + S2) . (8c)

tRR

Damour 2001; Racine 2008

tRR• Separation    varies on  
• Also                                vary on  
• Effective spin is constant (at least) at 2PN!

Let’s freeze GW emission
r

J = |L+ S1 + S2|

4

S can be used as a generalized coordinate to specify
the directions of the angular momenta J, L, and S; we
can see from Eqs. (4) - (6) that it is the only coordinate
needed to specify these directions in the xyz-frame.

Specifying the directions of the individual spins S1 and
S2 in the xyz-frame requires an additional generalized
coordinate, which can be chosen to be the angle '

0 be-
tween Ŝ

?

in Eq. (7) and the projection of S1 into the
plane spanned by Ŝ

?

and ŷ, as shown in the right panel
of Fig. 1. This angle corresponds to rotations of S1 and
S2 about S and is given analytically by

cos '

0 =
ˆ

S1 · ˆS
?

|ˆS1 ⇥ ˆ

S| . (9)

In terms of the two coordinates S and '

0 varying on the
precession timescale, the three angular momenta in the
xyz-frame are

L =
A1A2

2J

x̂ +
J

2 + L

2 � S

2

2J

ẑ , (10a)

S1 =
S

2 + S

2
1 � S

2
2

2S

Ŝ +
A3A4

2S

(cos '

0

Ŝ

?

+ sin '

0

ŷ)

=
1

4JS

2
[�(S2 + S

2
1 � S

2
2)A1A2

+ (J2 � L

2 + S

2)A3A4 cos '

0]x̂

+
1

2S

A3A4 sin '

0

ŷ

+
1

4JS

2
[(S2 + S

2
1 � S

2
2)(J2 � L

2 + S

2)

+ A1A2A3A4 cos '

0]ẑ , (10b)

S2 =
S

2 + S

2
2 � S

2
1

2S

Ŝ � A3A4

2S

(cos '

0

Ŝ

?

+ sin '

0

ŷ)

= � 1

4JS

2
[(S2 + S

2
2 � S

2
1)A1A2

+ (J2 � L

2 + S

2)A3A4 cos '

0]x̂

� 1

2S

A3A4 sin '

0

ŷ

+
1

4JS

2
[(S2 + S

2
2 � S

2
1)(J2 � L

2 + S

2)

� A1A2A3A4 cos '

0]ẑ , (10c)

where we defined:

A1 ⌘ [J2 � (L � S)2]1/2
, (11a)

A2 ⌘ [(L + S)2 � J

2]1/2
, (11b)

A3 ⌘ [S2 � (S1 � S2)
2]1/2

, (11c)

A4 ⌘ [(S1 + S2)
2 � S

2]1/2
. (11d)

All the Ai’s are real and positive in the ranges specified
by Eqs. (3) and (8).

B. E↵ective potentials and resonances

As anticipated in the previous subsection, there is an
additional conserved quantity that can be used to elimi-

nate '

0 and thereby specify L, S1, and S2 with the single
generalized coordinate S. This quantity is the projected
e↵ective spin [55, 56]

⇠ ⌘ M

�2[(1 + q)S1 + (1 + q

�1)S2] · L̂ (12)

which is a constant of motion of the orbit-averaged spin-
precession equations at 2PN order and is also conserved
by radiation reaction at 2.5 PN order. Using Eqs. (10),
we can express ⇠ as a function of S and '

0

⇠(S, '

0) = {(J2 � L

2 � S

2)[S2(1 + q)2 � (S2
1 � S

2
2)(1 � q

2)]

� (1 � q

2)A1A2A3A4 cos '

0}/(4qM

2
S

2
L) .

(13)

Conservation of ⇠ restricts binary evolution to one-
dimensional curves ⇠(S, '

0) = ⇠ in the S'

0-plane as
shown in the right panel of Fig. 2. The simple depen-
dence of ⇠(S, '

0) on '

0 motivates us to define two “e↵ec-
tive potentials” [1] corresponding to the extreme cases
cos '

0 = ⌥1 for which L, S1 and S2 are all coplanar:

⇠

±

(S) = {(J2 � L

2 � S

2)[S2(1 + q)2 � (S2
1 � S

2
2)(1 � q

2)]

± (1 � q

2)A1A2A3A4}/(4qM

2
S

2
L) . (14)

At Smin and Smax

⇠

�

(Smin) = ⇠+(Smin) , ⇠

�

(Smax) = ⇠+(Smax) , (15)

because one of the Ai’s defined in Eqs. (11) vanishes if
S = Smin or S = Smax. The functions ⇠

±

(S) thus form
a loop that encloses all allowed values of S and ⇠, as
shown in the left panel of Fig. 2. BBHs are constrained
to evolve back and forth along horizontal line segments of
constant ⇠ bounded by the two e↵ective potentials ⇠

±

(S).
The turning points in the evolution of S are given by
the solutions of ⇠

±

(S) = ⇠, where the binary meets an
e↵ective potential. Once squared, the equation ⇠

±

(S) =
⇠ reduces to the following cubic equation in S

2:

�6S
6 + �4S

4 + �2S
2 + �0 = 0 , (16a)

where

�6 = q(1 + q)2 , (16b)

�4 = (1 + q)2[�2J

2
q + L

2
�
1 + q

2
�

+ 2LM

2
⇠q

+ (1 � q)
�
S

2
2 � qS

2
1

�
] , (16c)

�2 = 2(1 + q)2(1 � q)[J2(qS2
1 � S

2
2)

� L

2(S2
1 � qS

2
2)] + q(1 + q)2(J2 � L

2)2

� 2LM

2
⇠q(1 + q)[(1 + q)(J2 � L

2)

+ (1 � q)(S2
1 � S

2
2)] + 4L

2
M

4
⇠

2
q

2
, (16d)

�0 = (1 � q

2)[L2(1 � q

2)(S2
1 � S

2
2)2

� (1 + q)(qS2
1 � S

2
2)(J2 � L

2)2

+ 2LM

2
q⇠(S2

1 � S

2
2)(J2 � L

2)] , (16e)

which admits at most three real solutions for S > 0. The
number of solutions in the range allowed by Eqs. (8) must

• This construction can be done explicitly 
• The solution is fully analytical 
• Need a smarter frame… 
• Chosen parameter is S = |S1 + S2|

Upshot



Kepler’s two-body problem
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What you do: 
• One effective particle: 3D 
• 3D to 2D problem:                        

L is a constant of motion! 
• Energy is constant: 2D to 1D? 
• Effective potential

On the shoulders of giants

What you get: 
• A lot of understanding 
• Solutions are Kepler’s orbits 
• Phases: bound, unbound

Integrating                  to get a bunch of points along an orbit or…  
knowing that that curve is an ellipse! 

GMm/r2



0.0 0.1 0.2 0.3 0.4 0.5 0.6
S/M 2
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Effective potentials for spin precession
What you do: 
• Start from 4D problem 
• 4D to 2D problem: GW are frozen,                       

r and J are constant, 
• Further constant of motion,     

effective spin: 2D to 1D 
• Effective potentials for BH binary    

spin precession
What you get: 
• Analytical solutions 
• Phases: circulating, librating  
• A lot of understanding

Integrating the PN eq. to get a bunch of points on a precession cone or…  
knowing the shape of that cone! 
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FIG. 4. E↵ective potentials ⇠
±

(S) of Eq. (14) for values of L, J , S
1

, and S

2

leading to three di↵erent sets of spin morphologies.
The loop formed by the two curves encloses all allowed configurations for the constants listed in the legends. As in the left panel
of Fig. 2, empty squares mark the extrema of S (S

min

and S

max

), empty triangles mark the extrema of ⇠ (⇠
min

and ⇠

max

), and
conservation of ⇠ restricts the BBH spins to precess along horizontal lines between the turning points S

±

. BBH spin precession
can be classified into three di↵erent morphologies by the behavior of �� during a precession cycle: oscillation about 0 (blue
region), circulation from �⇡ to ⇡ (green region), or oscillation about ⇡ (red region). The dashed boundaries between these
morphologies occur at values of ⇠ where the dotted curves cos ✓i = ±1 intersect the e↵ective-potential loop, as shown by the
empty circles. All three morphologies are present if one intersection occurs on ⇠

+

(S) and a second occurs on ⇠

�

(S) (left panel),
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vanish and S = S

�

= S+ is constant. Since

lim
S!S
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d⇠+

dS

� lim
S!S

min

d⇠

�

dS

, (19a)

lim
S!S

max

d⇠+

dS

 lim
S!S

max

d⇠

�

dS

, (19b)

and at most two turning points can exist, it follows that
⇠+ admits a single maximum in [Smin, Smax] and ⇠

�

ad-
mits a single minimum in [Smin, Smax]. The e↵ective po-
tentials therefore have exactly two distinct extrema for
each value of the constants J , r, q, �1 and �2. As clari-
fied below, these special configurations correspond to the
spin-orbit resonances discovered by other means in [37].

The equal-mass limit q ! 1 corresponds to ⇠+(S) =
⇠

�

(S) [cf. Eq. (14)] implying that S is constant for all
values of ⇠ [note that ⇠

±

(Smin) 6= ⇠

±

(Smax)]. This fact
was noted at least as early as 2008 by Racine [56] and it
was recently exploited in numerical-relativity simulations
[39, 58], but the constancy of S is a peculiarity of the
equal-mass case and does not hold for generic binaries.

C. Morphological classification

Although the evolution of '

0 already provides a way to
characterize the precessional dynamics (Fig. 2), a more
intuitive understanding can be gained by switching back
to the L-aligned frame illustrated in the left panel of
Fig. 1. Substituting Eqs. (10) and (13) into (2), we can
express the angles ✓1, ✓2 and �� as functions of S, J and
⇠. This yields the remarkably simple expressions [1]

cos ✓1 =
1

2(1 � q)S1


J

2 � L

2 � S

2

L

� 2qM

2
⇠

1 + q

�
,

(20a)

cos ✓2 =
q

2(1 � q)S2


�J

2 � L

2 � S

2

L

+
2M

2
⇠

1 + q

�
,

(20b)

cos �� =
cos ✓12 � cos ✓1 cos ✓2

sin ✓1 sin ✓2
, (20c)

where the angle ✓12 = arccos ˆ

S1 · ˆ

S2 between the two
spins can also be written in terms of S:

cos ✓12 =
S

2 � S

2
1 � S

2
2

2S1S2
. (20d)
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FIG. 3. Analytical solutions given by Eq. (20) for the evo-
lution of the angles ✓

1

(top panel), ✓

2

(middle panel), and
�� (bottom panel) during a precession cycle. The evolution
of three binaries with ⇠ = 0.25 (blue), 0.3 (green) and 0.35
(red) is shown for q = 0.8, �

1

= 1, �
2

= 0.8, r = 20M and
J = 1.29M2. The evolution of ✓

1

and ✓

2

is monotonic during
each half of a precession cycle and is bounded by the dotted
lines for which cos' = ⌥1 [these curves can be found by sub-
stituting ⇠

±

(S) for ⇠ in Eq. (20)]. Three classes of solutions
are possible and define the binary morphology: �� can oscil-
late about 0 (⇠ = 0.25), circulate (⇠ = 0.3) or oscillate about
⇡ (⇠ = 0.35). An animated version of this figure is available
online at [54], where precession solutions are evolved on t

RR
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are defined
is a frame aligned with the orbital angular momentum L (left
panel). The binary dynamics can also be studied in a frame
aligned with the total angular momentum J (right panel).
Once L is taken to lie in the xz-plane, its direction is spec-
ified by S through the angle ✓L. The angle '

0 corresponds
to rotations of S1 and S2 about the total spin S. The two
frames pictured here are not inertial because the direction of
L changes together with the spins to conserve J. These angles
are defined in Eqs. (2), (4) and (9).

of these parameters, greatly reducing the number of de-
grees of freedom. At the PN order considered here, the
magnitudes of both spins are conserved throughout the
inspiral, reducing the number of degrees of freedom from
nine to seven. The magnitude of the orbital angular mo-
mentum is conserved on the precession time (although
it shrinks on the radiation-reaction time), further reduc-
ing the number of degrees of freedom from seven to six.
The total angular momentum J = L + S1 + S2 is also
conserved on the precession time, reducing the number
of degrees of freedom from six to three. As described
in greater detail in the next subsection, the projected
e↵ective spin ⇠ [55, 56] is also conserved by both the
orbit-averaged spin-precession equations at 2PN and ra-
diation reaction at 2.5 PN, providing a final constraint
that reduces the system to just two degrees of freedom.
In an appropriately chosen non-inertial reference frame
precessing about J, precessional motion associated with
one of these degrees of freedom can be suppressed, im-
plying that the relative orientations of the three angu-
lar momenta L, S1 and S2 can be specified by just a
single coordinate! We will provide an explicit analytic
construction of this procedure in this and the following
subsection.

We begin by introducing two alternative reference
frames in which the relative orientations of the three an-
gular momenta can be specified explicitly. As shown in
the left panel of Fig. 1, one may choose the z

0-axis to lie
along L, the x

0-axis such that S1 lies in the x

0

z

0-plane,
and the y

0-axis to complete the orthonormal triad. In

this frame only three independent coordinates are needed
to describe the relative orientations of the angular mo-
menta; we choose them to be the angles

cos ✓1 = ˆ

S1 · ˆL , (2a)

cos ✓2 = ˆ

S2 · ˆL , (2b)

cos �� =
ˆ

S1 ⇥ ˆ

L

|ˆS1 ⇥ ˆ

L| ·
ˆ

S2 ⇥ ˆ

L

|ˆS2 ⇥ ˆ

L| , (2c)

where the sign of �� is given by (cf. Fig. 1)

sgn �� = sgn{L · [(S1 ⇥ L) ⇥ (S2 ⇥ L)]}. (2d)

The relative orientations of the three angular momenta
can alternatively be specified in a frame aligned with the
total angular momentum J. For fixed values of L, S1,
and S2, the allowed range for J = |J| is

Jmin  J  Jmax (3a)

where

Jmin = max(0, L � S1 � S2, |S1 � S2| � L) , (3b)

Jmax = L + S1 + S2 . (3c)

As shown in the right panel of Fig. 1, one can choose the
z-axis parallel to J and the x-axis such that L lies in the
xz-plane:

J = J ẑ and L = L sin ✓Lx̂ + L cos ✓Lẑ . (4)

The third unit vector ŷ = ẑ ⇥ x̂ completes the orthonor-
mal triad. The total spin S = S1 + S2 = J � L will also
lie in the xz-plane:

S = �L sin ✓Lx̂ + (J � L cos ✓L)ẑ , (5)

implying

cos ✓L =
J

2 + L

2 � S

2

2JL

. (6)

We can also define a unit vector

Ŝ

?

=
(J � L cos ✓L)x̂ + L sin ✓Lẑ

S

(7)

which also lies in the xz-plane but is orthogonal to Ŝ.
While the magnitudes L and J of the orbital and to-

tal angular momenta are conserved on the precession
timescale, the same is not true for the total-spin mag-
nitude S, which oscillates within the range

Smin  S  Smax , (8a)

where

Smin = max(|J � L|, |S1 � S2|) , (8b)

Smax = min(J + L, S1 + S2) . (8c)

• Kind of boring… monotonic 
• Bounded by the effective potentials

Spin tilts
How do solutions look like?

✓1, ✓2

Azimuthal projections
• Three different morphologies 
• Boundaries if aligned

Complete classification
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FIG. 4. E↵ective potentials ⇠
±

(S) of Eq. (14) for values of L, J , S
1

, and S

2

leading to three di↵erent sets of spin morphologies.
The loop formed by the two curves encloses all allowed configurations for the constants listed in the legends. As in the left panel
of Fig. 2, empty squares mark the extrema of S (S

min

and S

max

), empty triangles mark the extrema of ⇠ (⇠
min

and ⇠

max

), and
conservation of ⇠ restricts the BBH spins to precess along horizontal lines between the turning points S

±

. BBH spin precession
can be classified into three di↵erent morphologies by the behavior of �� during a precession cycle: oscillation about 0 (blue
region), circulation from �⇡ to ⇡ (green region), or oscillation about ⇡ (red region). The dashed boundaries between these
morphologies occur at values of ⇠ where the dotted curves cos ✓i = ±1 intersect the e↵ective-potential loop, as shown by the
empty circles. All three morphologies are present if one intersection occurs on ⇠

+

(S) and a second occurs on ⇠

�

(S) (left panel),
oscillation of �� about 0 is forbidden if two intersections occur on either ⇠

+

(S) or ⇠

�

(S) (middle panel), and only oscillations
about ⇡ are allowed if there are no such intersections (right panel).

FIG. 5. The (J, ⇠) parameter space for BBHs with di↵erent minimum allowed total angular momentum J

min

. BBH spin
morphology is shown with di↵erent colors, as indicated in the legend. The extrema ⇠

min

(J) and ⇠

max

(J) of the e↵ective
potentials constitute the edges of the allowed regions and are marked by solid blue (red) curves for �� = 0 (⇡). Dashed
lines mark the boundaries between the di↵erent morphologies. The parameters q, �

1

, �
2

and r are chosen as in Fig. 4, whose
panels can be thought of as vertical (constant J) “sections” of this figure (where we suppress the S dependence). The lowest
allowed value of ⇠ occurs at J = |L � S

1

� S

2

| in all three panels. Three phases are present for each vertical section with
J > |L� S

1

� S

2

|. This condition may either cover the entire parameter space (left panel) or leave room for additional regions
where vertical sections include two di↵erent phases in which �� oscillates about ⇡ and a circulating phase in between (center
panel) or only a single phase where the spins librate about �� = ⇡ (right panel). An animated version of this figure evolving
on the radiation-reaction time t

RR

is available online [54].
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FIG. 7. Evolution of the total angular momentum magnitude
J during the inspiral. Three binary configurations are con-
sidered here: ⇠ = �0.5 (orange), 0 (purple) and 0.5 (green)
for q = 0.4, �

1

= 0.9, �
2

= 0.8. Eq. (38) is solved for several
di↵erent initial conditions (solid lines, sequential colors) as
the separation r and the angular momentum L = ⌘(rM3)1/2

decrease. Solutions are bounded at all separations by the
spin-orbit resonances (dotted lines) which extremize the al-
lowed value of J for fixed ⇠. Two of the binaries pictured
here cross one of the resonant conditions ↵ = 2⇡n (empty
circles) where changes in the direction Ĵ are expected. The
inset shows the same evolutions for a wider separation range.

to
⌧

dJ

dL

�

pre

=
1

2LJ

(J2 + L

2 � hS2ipre) , (38)

which reduces the computation of BBH spin precession
on the radiation-reaction timescale to solving a single
ODE [1]! Eq. (38) is independent of the details of spin
precession (which are encoded in hS2ipre) and is also inde-
pendent of the PN expansion for hdLRR/dtiorb provided
this is parallel to ˆ

L and independent of S. As shown in
Eq. (36), both of these conditions are satisfied at 1.5PN
level but break down at higher PN order. We address the
range of validity of our approach in Sec. III C, where we
also perform extensive comparisons with full integrations
of the conventional orbit-averaged equations.

Examples of solutions to Eq. (38) are shown in Fig. 7,
where J is evolved from r = 109

M to r = 10M . Solutions
J(r) are bounded at all separations by the spin-orbit res-
onances ⇠min and ⇠max which extremize the magnitude

J for each fixed ⇠ (cf. Sec. II C and Fig. 5). We per-
form ODE integrations using the lsoda algorithm [61] as
wrapped by the python module scipy [62]; integrations
of Eq. (38) are numerically feasible for arbitrary values
of q < 1, �1  1, �2  1, and arbitrarily large initial
separation.

Our solutions to the spin-precession equations also de-
pend on the direction ˆ

J, since this defines the z-axis in
the orthonormal frame of Fig. 1. The precession-averaged
evolution of this direction is

*
d

ˆ

J

dt

+

pre

=
1

J

⌧⌧
dLRR

dt

�

orb

� dJ

dt

ˆ

J

�

pre

(39)

which is proportional to the precession average of the to-
tal angular momentum radiated perpendicular to ˆ

J. Al-
though the vector given by the right-hand side of Eq. (39)
will generally not vanish over a single precession cycle, if
the angle ↵ given by Eq. (31) above is not an integer mul-
tiple of 2⇡ this vector will precess about ˆ

J in an inertial
frame. This implies that ˆ

J will precess in a narrow cone
in an inertial frame on the radiation-reaction timescale
remaining approximately constant [17, 63]. As shown for
some of the binaries of Fig. 7, the condition ↵ = 2⇡n for
integer n is indeed satisfied in generic inspirals at mean-
ingful separations. Preliminary results indicate that in-
teresting spin dynamics arises at these newly identified
resonances [64]. In this paper, we restrict our attention
to the relative orientations of the three angular momenta
as specified by the three angles in Eq. (20).

B. The large-separation limit

We can gain additional physical insight by examining
Eq. (38) in the large-separation limit L/M

2 ! 1. Let
us define

 ⌘ J

2 � L

2

2L

, (40)

such that Eq. (38) becomes

d

dL

= �hS2ipre

2L

2
. (41)

The right-hand side vanishes at large separations where
S ⌧ L, implying that



1

⌘ lim
r/M!1

 (42)

is constant. This implies that  provides a more con-
venient label for precessing BBHs at large separations
because it asymptotes to a constant while J diverges. At
large separations J evolves as

J =
p

L(2 + L) '
p

L (2

1

+ L) , (43)

A new Post-Newtonian approach
Result is very simple!
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FIG. 7. Evolution of the total angular momentum magnitude
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sidered here: ⇠ = �0.5 (orange), 0 (purple) and 0.5 (green)
for q = 0.4, �
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= 0.9, �
2

= 0.8. Eq. (38) is solved for several
di↵erent initial conditions (solid lines, sequential colors) as
the separation r and the angular momentum L = ⌘(rM3)1/2

decrease. Solutions are bounded at all separations by the
spin-orbit resonances (dotted lines) which extremize the al-
lowed value of J for fixed ⇠. Two of the binaries pictured
here cross one of the resonant conditions ↵ = 2⇡n (empty
circles) where changes in the direction Ĵ are expected. The
inset shows the same evolutions for a wider separation range.
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which reduces the computation of BBH spin precession
on the radiation-reaction timescale to solving a single
ODE [1]! Eq. (38) is independent of the details of spin
precession (which are encoded in hS2ipre) and is also inde-
pendent of the PN expansion for hdLRR/dtiorb provided
this is parallel to ˆ

L and independent of S. As shown in
Eq. (36), both of these conditions are satisfied at 1.5PN
level but break down at higher PN order. We address the
range of validity of our approach in Sec. III C, where we
also perform extensive comparisons with full integrations
of the conventional orbit-averaged equations.

Examples of solutions to Eq. (38) are shown in Fig. 7,
where J is evolved from r = 109

M to r = 10M . Solutions
J(r) are bounded at all separations by the spin-orbit res-
onances ⇠min and ⇠max which extremize the magnitude

J for each fixed ⇠ (cf. Sec. II C and Fig. 5). We per-
form ODE integrations using the lsoda algorithm [61] as
wrapped by the python module scipy [62]; integrations
of Eq. (38) are numerically feasible for arbitrary values
of q < 1, �1  1, �2  1, and arbitrarily large initial
separation.

Our solutions to the spin-precession equations also de-
pend on the direction ˆ

J, since this defines the z-axis in
the orthonormal frame of Fig. 1. The precession-averaged
evolution of this direction is
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which is proportional to the precession average of the to-
tal angular momentum radiated perpendicular to ˆ

J. Al-
though the vector given by the right-hand side of Eq. (39)
will generally not vanish over a single precession cycle, if
the angle ↵ given by Eq. (31) above is not an integer mul-
tiple of 2⇡ this vector will precess about ˆ

J in an inertial
frame. This implies that ˆ

J will precess in a narrow cone
in an inertial frame on the radiation-reaction timescale
remaining approximately constant [17, 63]. As shown for
some of the binaries of Fig. 7, the condition ↵ = 2⇡n for
integer n is indeed satisfied in generic inspirals at mean-
ingful separations. Preliminary results indicate that in-
teresting spin dynamics arises at these newly identified
resonances [64]. In this paper, we restrict our attention
to the relative orientations of the three angular momenta
as specified by the three angles in Eq. (20).

B. The large-separation limit

We can gain additional physical insight by examining
Eq. (38) in the large-separation limit L/M

2 ! 1. Let
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is constant. This implies that  provides a more con-
venient label for precessing BBHs at large separations
because it asymptotes to a constant while J diverges. At
large separations J evolves as

J =
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L(2 + L) '
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• PN evolution is reduced to solving    
one single ODE 

• Computationally, very very easy  
• Domain can be compactified and 

integrations carried over from          

Details: DG et al. 2015

How do solutions look like?
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angles ✓1, ✓2, and �� at several intermediate separa-
tions. An animated version of this figure can be found
online [54]. The isotropic sample remains isotropic, as
found previously using the orbit-averaged equations [73].
A greater fraction of the BBHs in the distribution with
one aligned BH undergo a phase transition from a circu-
lating to a librating morphology, as described in Sec. IV
below and also found in previous studies with the orbit-
averaged equations [40]. If the angles ✓i initially have
Gaussian distributions, these Gaussians will spread out
as the inspiral proceeds.

We use the BBH inspirals from ri = 1000M to rf =
10M shown in Fig. 8 to compare the e�ciency of our
new precession-averaged approach to integration of the
standard – i.e., orbit-averaged – PN equations. In the
standard approach, one must numerically integrate 10
coupled ODEs specifying the directions of the three an-
gular momenta and the magnitude of the orbital velocity;
we use the PN equations quoted by Refs. [35, 36]. We
implement the same 2PN spin-precession equations given
by Eq. (25) but include radiation reaction up to 3.5PN
order, as in Eq. (2.6) of [36]. Integrations are performed
using the same algorithm specified above [61, 62]. The
agreement between the two approaches is seen to be ex-
cellent up to r ⇠ 50M , and minor discrepancies emerge
at smaller separations.

Two approximations made in the precession-averaged
approach may explain these discrepancies. While ⇠ is
held constant throughout the inspiral in the precession-
averaged approach (consistent with 2.5PN radiation re-
action), conservation of ⇠ is not enforced in the orbit-
averaged approach, which employs 3.5 PN radiation re-
action. The largest deviations �⇠ in the latter approach
are of the order 10�10; ⇠ is e↵ectively constant in the PN
regime (r & 10M). Numerical-relativity simulations may
be used to test conservation of ⇠ at smaller separations.

The second and less reliable approximation involves
the timescale hierarchy itself. The precession time tpre ⇠
(r/M)5/2 and radiation-reaction time tRR ⇠ (r/M)4 be-
come more comparable at lower separations, reducing
the e↵ectiveness of our quasi-adiabatic approach. The
precession-averaging procedure defined in Eq. (33) as-
sumes that quantities like L and J varying on tRR remain
constant over a full precession cycle ⌧ , but this assump-
tion will break down as the timescale hierarchy becomes
invalid.

Fig. 8 shows that di↵erences between the two ap-
proaches are most pronounced in pr(��). This variable
is the most sensitive to the precessional dynamics; pre-
dictions for the angles ✓1 and ✓2 remain reasonably ac-
curate even at r ⇠ 10M . The di↵erences seem to aver-
age out for wider distributions (top panels) but become
more evident for more compact initial distributions (bot-
tom panels). Averaging over the precessional dynamics
prevents us from tracking the precession phase, implying
that the two approaches will make di↵erent predictions
for quantities (like S and ��) varying on the precession
timescale when the initial separation is su�ciently small
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FIG. 9. CPU time needed to evolve BBHs from an initial
separation ri to a final separation rf = 10M using our new
precession-averaged approach (purple circles) and the stan-
dard orbit-averaged approach (orange triangles). Each CPU
time is averaged over N = 100 executions with isotropic initial
spin orientation (flat distributions in cos ✓

1

, cos ✓
2

and ��).

Dashed lines show the expected scalings: t / r

3/2
i for the

orbit-averaged approach and t / log ri for our new precession-
averaged approach. These computations have been performed
on a single core of a 2013 Intel i5-3470 3.20GHz CPU.

that memory of the initial phases has not been fully for-
gotten. Predictions of physical quantities varying on the
radiation-reaction timescale (like J and the precession
morphology) will remain robust down to small separa-
tions, as explored in Secs. IVB and IV C below.

We compare the computational e�ciency of the
precession- and orbit-averaged approaches in Fig. 9.
Isotropic samples of 100 BBHs are transferred from large
initial separations ri to a final separation rf = 10M .
The CPU time required by the two approaches scales dif-
ferently with the initial separation. The orbit-averaged
(OA) equations must be integrated with a time step
shorter than the precession time, implying that the total
number of time steps scales as

NOA /
Z ri

rf

dr

ṙGW tpre
⇠ r

3/2
i , (47)

where ṙGW / r

�3 as given by the quadrupole formula
[19, 20]. The ratio tRR/tpre / r

3/2 increases dramatically
at large separations leading to a corresponding increase in
the computational cost. In the precession-averaged (PA)
approach, integration of dJ/dL in Eq. (38) only requires
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are defined
is a frame aligned with the orbital angular momentum L (left
panel). The binary dynamics can also be studied in a frame
aligned with the total angular momentum J (right panel).
Once L is taken to lie in the xz-plane, its direction is spec-
ified by S through the angle ✓L. The angle '

0 corresponds
to rotations of S1 and S2 about the total spin S. The two
frames pictured here are not inertial because the direction of
L changes together with the spins to conserve J. These angles
are defined in Eqs. (2), (4) and (9).

of these parameters, greatly reducing the number of de-
grees of freedom. At the PN order considered here, the
magnitudes of both spins are conserved throughout the
inspiral, reducing the number of degrees of freedom from
nine to seven. The magnitude of the orbital angular mo-
mentum is conserved on the precession time (although
it shrinks on the radiation-reaction time), further reduc-
ing the number of degrees of freedom from seven to six.
The total angular momentum J = L + S1 + S2 is also
conserved on the precession time, reducing the number
of degrees of freedom from six to three. As described
in greater detail in the next subsection, the projected
e↵ective spin ⇠ [55, 56] is also conserved by both the
orbit-averaged spin-precession equations at 2PN and ra-
diation reaction at 2.5 PN, providing a final constraint
that reduces the system to just two degrees of freedom.
In an appropriately chosen non-inertial reference frame
precessing about J, precessional motion associated with
one of these degrees of freedom can be suppressed, im-
plying that the relative orientations of the three angu-
lar momenta L, S1 and S2 can be specified by just a
single coordinate! We will provide an explicit analytic
construction of this procedure in this and the following
subsection.

We begin by introducing two alternative reference
frames in which the relative orientations of the three an-
gular momenta can be specified explicitly. As shown in
the left panel of Fig. 1, one may choose the z

0-axis to lie
along L, the x

0-axis such that S1 lies in the x

0

z

0-plane,
and the y

0-axis to complete the orthonormal triad. In

this frame only three independent coordinates are needed
to describe the relative orientations of the angular mo-
menta; we choose them to be the angles

cos ✓1 = ˆ

S1 · ˆL , (2a)

cos ✓2 = ˆ

S2 · ˆL , (2b)

cos �� =
ˆ

S1 ⇥ ˆ

L

|ˆS1 ⇥ ˆ

L| ·
ˆ

S2 ⇥ ˆ

L

|ˆS2 ⇥ ˆ

L| , (2c)

where the sign of �� is given by (cf. Fig. 1)

sgn �� = sgn{L · [(S1 ⇥ L) ⇥ (S2 ⇥ L)]}. (2d)

The relative orientations of the three angular momenta
can alternatively be specified in a frame aligned with the
total angular momentum J. For fixed values of L, S1,
and S2, the allowed range for J = |J| is

Jmin  J  Jmax (3a)

where

Jmin = max(0, L � S1 � S2, |S1 � S2| � L) , (3b)

Jmax = L + S1 + S2 . (3c)

As shown in the right panel of Fig. 1, one can choose the
z-axis parallel to J and the x-axis such that L lies in the
xz-plane:

J = J ẑ and L = L sin ✓Lx̂ + L cos ✓Lẑ . (4)

The third unit vector ŷ = ẑ ⇥ x̂ completes the orthonor-
mal triad. The total spin S = S1 + S2 = J � L will also
lie in the xz-plane:

S = �L sin ✓Lx̂ + (J � L cos ✓L)ẑ , (5)

implying

cos ✓L =
J

2 + L

2 � S

2

2JL

. (6)

We can also define a unit vector

Ŝ

?

=
(J � L cos ✓L)x̂ + L sin ✓Lẑ

S

(7)

which also lies in the xz-plane but is orthogonal to Ŝ.
While the magnitudes L and J of the orbital and to-

tal angular momenta are conserved on the precession
timescale, the same is not true for the total-spin mag-
nitude S, which oscillates within the range

Smin  S  Smax , (8a)

where

Smin = max(|J � L|, |S1 � S2|) , (8b)

Smax = min(J + L, S1 + S2) . (8c)

Phase transitions are…
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FIG. 4. E↵ective potentials ⇠
±

(S) of Eq. (14) for values of L, J , S
1

, and S

2

leading to three di↵erent sets of spin morphologies.
The loop formed by the two curves encloses all allowed configurations for the constants listed in the legends. As in the left panel
of Fig. 2, empty squares mark the extrema of S (S

min

and S

max

), empty triangles mark the extrema of ⇠ (⇠
min

and ⇠

max

), and
conservation of ⇠ restricts the BBH spins to precess along horizontal lines between the turning points S

±

. BBH spin precession
can be classified into three di↵erent morphologies by the behavior of �� during a precession cycle: oscillation about 0 (blue
region), circulation from �⇡ to ⇡ (green region), or oscillation about ⇡ (red region). The dashed boundaries between these
morphologies occur at values of ⇠ where the dotted curves cos ✓i = ±1 intersect the e↵ective-potential loop, as shown by the
empty circles. All three morphologies are present if one intersection occurs on ⇠

+

(S) and a second occurs on ⇠

�

(S) (left panel),
oscillation of �� about 0 is forbidden if two intersections occur on either ⇠

+

(S) or ⇠

�

(S) (middle panel), and only oscillations
about ⇡ are allowed if there are no such intersections (right panel).

FIG. 5. The (J, ⇠) parameter space for BBHs with di↵erent minimum allowed total angular momentum J

min

. BBH spin
morphology is shown with di↵erent colors, as indicated in the legend. The extrema ⇠

min

(J) and ⇠

max

(J) of the e↵ective
potentials constitute the edges of the allowed regions and are marked by solid blue (red) curves for �� = 0 (⇡). Dashed
lines mark the boundaries between the di↵erent morphologies. The parameters q, �

1

, �
2

and r are chosen as in Fig. 4, whose
panels can be thought of as vertical (constant J) “sections” of this figure (where we suppress the S dependence). The lowest
allowed value of ⇠ occurs at J = |L � S

1

� S

2

| in all three panels. Three phases are present for each vertical section with
J > |L� S

1

� S

2

|. This condition may either cover the entire parameter space (left panel) or leave room for additional regions
where vertical sections include two di↵erent phases in which �� oscillates about ⇡ and a circulating phase in between (center
panel) or only a single phase where the spins librate about �� = ⇡ (right panel). An animated version of this figure evolving
on the radiation-reaction time t

RR

is available online [54].

There’s a lot of  interesting 
dynamis going on here!

Movie available at 
www.damtp.cam.ac.uk/user/dg438/spinprecession 
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FIG. 11. Evolution of the spin morphology and the allowed ranges of the spin angles ✓i over a precession cycle as functions of
the binary separation r. Each panel shows the range of cos ✓

1

(purple/darker) and cos ✓
2

(orange/lighter) for di↵erent initial
conditions cos ✓i1. The current morphology is tracked by the horizontal bar above each panel. Morphologies are indicated as
C (green) for circulating, L0 (blue) for �� librating about 0, and L⇡ (red) for �� librating about ⇡. The morphology changes
whenever cos ✓i = ±1 (vertical dashed lines). BBHs in the leftmost column do not undergo any transitions in the PN regime;
one transition into a librating morphology occurs for BBHs in the center columns; two transitions (circulating to librating,
librating to circulating) occur for BBHs in the rightmost column. The mass ratio and spin magnitudes are q = 0.95, �

1

= 0.5,
and �

2

= 1 in all panels.

The role of 
alignment

3

L

S1
S2

✓1
✓2

✓12

ŷ
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are defined
is a frame aligned with the orbital angular momentum L (left
panel). The binary dynamics can also be studied in a frame
aligned with the total angular momentum J (right panel).
Once L is taken to lie in the xz-plane, its direction is spec-
ified by S through the angle ✓L. The angle '

0 corresponds
to rotations of S1 and S2 about the total spin S. The two
frames pictured here are not inertial because the direction of
L changes together with the spins to conserve J. These angles
are defined in Eqs. (2), (4) and (9).

of these parameters, greatly reducing the number of de-
grees of freedom. At the PN order considered here, the
magnitudes of both spins are conserved throughout the
inspiral, reducing the number of degrees of freedom from
nine to seven. The magnitude of the orbital angular mo-
mentum is conserved on the precession time (although
it shrinks on the radiation-reaction time), further reduc-
ing the number of degrees of freedom from seven to six.
The total angular momentum J = L + S1 + S2 is also
conserved on the precession time, reducing the number
of degrees of freedom from six to three. As described
in greater detail in the next subsection, the projected
e↵ective spin ⇠ [55, 56] is also conserved by both the
orbit-averaged spin-precession equations at 2PN and ra-
diation reaction at 2.5 PN, providing a final constraint
that reduces the system to just two degrees of freedom.
In an appropriately chosen non-inertial reference frame
precessing about J, precessional motion associated with
one of these degrees of freedom can be suppressed, im-
plying that the relative orientations of the three angu-
lar momenta L, S1 and S2 can be specified by just a
single coordinate! We will provide an explicit analytic
construction of this procedure in this and the following
subsection.

We begin by introducing two alternative reference
frames in which the relative orientations of the three an-
gular momenta can be specified explicitly. As shown in
the left panel of Fig. 1, one may choose the z

0-axis to lie
along L, the x

0-axis such that S1 lies in the x

0

z

0-plane,
and the y

0-axis to complete the orthonormal triad. In

this frame only three independent coordinates are needed
to describe the relative orientations of the angular mo-
menta; we choose them to be the angles

cos ✓1 = ˆ

S1 · ˆL , (2a)

cos ✓2 = ˆ

S2 · ˆL , (2b)

cos �� =
ˆ

S1 ⇥ ˆ

L

|ˆS1 ⇥ ˆ

L| ·
ˆ

S2 ⇥ ˆ

L

|ˆS2 ⇥ ˆ

L| , (2c)

where the sign of �� is given by (cf. Fig. 1)

sgn �� = sgn{L · [(S1 ⇥ L) ⇥ (S2 ⇥ L)]}. (2d)

The relative orientations of the three angular momenta
can alternatively be specified in a frame aligned with the
total angular momentum J. For fixed values of L, S1,
and S2, the allowed range for J = |J| is

Jmin  J  Jmax (3a)

where

Jmin = max(0, L � S1 � S2, |S1 � S2| � L) , (3b)

Jmax = L + S1 + S2 . (3c)

As shown in the right panel of Fig. 1, one can choose the
z-axis parallel to J and the x-axis such that L lies in the
xz-plane:

J = J ẑ and L = L sin ✓Lx̂ + L cos ✓Lẑ . (4)

The third unit vector ŷ = ẑ ⇥ x̂ completes the orthonor-
mal triad. The total spin S = S1 + S2 = J � L will also
lie in the xz-plane:

S = �L sin ✓Lx̂ + (J � L cos ✓L)ẑ , (5)

implying

cos ✓L =
J

2 + L

2 � S

2

2JL

. (6)

We can also define a unit vector

Ŝ

?

=
(J � L cos ✓L)x̂ + L sin ✓Lẑ

S

(7)

which also lies in the xz-plane but is orthogonal to Ŝ.
While the magnitudes L and J of the orbital and to-

tal angular momenta are conserved on the precession
timescale, the same is not true for the total-spin mag-
nitude S, which oscillates within the range

Smin  S  Smax , (8a)

where

Smin = max(|J � L|, |S1 � S2|) , (8b)

Smax = min(J + L, S1 + S2) . (8c)

• The range grows fatter 
• “Bounce” at the alignment 

configuration… 
• … and sharp transition 

towards another morphology

Evolution of the tilt angles 
on the inspiral time… 

(allowed range of the evolution  
on the precessional time)
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FIG. 4. E↵ective potentials ⇠
±

(S) of Eq. (14) for values of L, J , S
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, and S

2

leading to three di↵erent sets of spin morphologies.
The loop formed by the two curves encloses all allowed configurations for the constants listed in the legends. As in the left panel
of Fig. 2, empty squares mark the extrema of S (S

min

and S

max

), empty triangles mark the extrema of ⇠ (⇠
min

and ⇠

max

), and
conservation of ⇠ restricts the BBH spins to precess along horizontal lines between the turning points S

±

. BBH spin precession
can be classified into three di↵erent morphologies by the behavior of �� during a precession cycle: oscillation about 0 (blue
region), circulation from �⇡ to ⇡ (green region), or oscillation about ⇡ (red region). The dashed boundaries between these
morphologies occur at values of ⇠ where the dotted curves cos ✓i = ±1 intersect the e↵ective-potential loop, as shown by the
empty circles. All three morphologies are present if one intersection occurs on ⇠

+

(S) and a second occurs on ⇠

�

(S) (left panel),
oscillation of �� about 0 is forbidden if two intersections occur on either ⇠

+

(S) or ⇠

�

(S) (middle panel), and only oscillations
about ⇡ are allowed if there are no such intersections (right panel).

FIG. 5. The (J, ⇠) parameter space for BBHs with di↵erent minimum allowed total angular momentum J

min

. BBH spin
morphology is shown with di↵erent colors, as indicated in the legend. The extrema ⇠

min

(J) and ⇠

max

(J) of the e↵ective
potentials constitute the edges of the allowed regions and are marked by solid blue (red) curves for �� = 0 (⇡). Dashed
lines mark the boundaries between the di↵erent morphologies. The parameters q, �

1

, �
2

and r are chosen as in Fig. 4, whose
panels can be thought of as vertical (constant J) “sections” of this figure (where we suppress the S dependence). The lowest
allowed value of ⇠ occurs at J = |L � S

1

� S

2

| in all three panels. Three phases are present for each vertical section with
J > |L� S

1

� S

2

|. This condition may either cover the entire parameter space (left panel) or leave room for additional regions
where vertical sections include two di↵erent phases in which �� oscillates about ⇡ and a circulating phase in between (center
panel) or only a single phase where the spins librate about �� = ⇡ (right panel). An animated version of this figure evolving
on the radiation-reaction time t

RR

is available online [54].
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FIG. 14. Spin morphologies at rf = 10M as functions of the asymptotic values of the spin angles ✓i1. The mass ratio q and
spin magnitudes �i for each panel are indicated in the legends. Evolving BBHs along the four lines cos ✓i = ±1 at rf out to
r/M ! 1 using our new precession-averaged approach yields the dashed curves separating the di↵erent final morphologies: ��
oscillates about 0 (blue), oscillates about ⇡ (red), circulates without ever having experienced a phase transition (plain green),
or circulates after having experienced a phase transition to libration and then a second phase transition back to circulation
(hatched green). The morphology within each region defined by the dashed boundaries is determined by which of the conditions
cos ✓i = ±1 these boundaries satisfy, as described in Sec. IV C. The points show the locations of binaries in the cos ✓

1

� cos ✓
2

plane at rf and are colored by their morphology at that separation [�� oscillates about 0 (blue circles), oscillates about ⇡

(green squares), or circulates (red trianges)]. Because morphology depends on �� in addition to ✓

1

and ✓

2

at finite separation,
the projection onto the cos ✓

1

�cos ✓
2

plane can lead points of di↵erent morphologies to occur at the same positions, particularly
for comparable-mass binaries q ' 1 where the ✓i’s oscillate with greater amplitude. The website [54] contains an animated
version of this figure in which rf evolves.

For BBHs with a given mass ratio q and spin magni-
tudes Si, the precessional morphology at a binary sep-
aration r is determined by J and ⇠, implying that the
morphology only evolves on the radiation-reaction time
tRR. Spin-orbit coupling dominates over the higher PN
order spin-spin coupling at large separations implying
that all BBHs formed at such large separations begin
in the circulating morphology. Since ⇠ is constant to
high accuracy throughout the inspiral, evolving our so-
lutions (20) and their associated morphology to smaller
separations (lower values of L) only requires an expres-
sion for dJ/dL due to radiation reaction. All previous
studies of radiation reaction have relied on orbit-averaged
expressions for dLRR/dt that must be integrated numer-
ically with time steps �t . tpre. Our new solutions (20)

allow us to precession average these expressions to de-
rive Eq. (38) for dJ/dL that can be integrated with a
time step tpre ⌧ �t

0 . tRR. The computational cost of
calculating inspirals from an initial separation ri in our
new precession-averaged approach scales as log ri, lead-
ing to vast savings over the traditionally orbit-averaged

approach (which scales as r

3/2
i ) for the large initial sep-

arations relevant to astrophysical BBH formation.

Using our new expression for dJ/dL, we can evolve
our initially circulating BBHs to smaller separations,
where they may experience a phase transition to one of
the two librating morphologies. Some of these librating
BBHs may subsequently undergo a second phase transi-
tion back to circulation before reaching a binary separa-
tion r = 10M below which the PN approximation itself

• The morphology is a feature of spin precession that does not vary on the precessional time! 
• No theoretical uncertainties related to the precessional phase 
• The final spin orientations are scattered around, but… 
• ….each blue, green, red dots comes from the blue, green, red region!

From the final 
morphology,  

one estimates  
the initial spin 

orientation: 
how BH form! 

Initial means  
astrophysics 



A multi-timescale perspective
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GW parameter estimation
DG et al. 2014; Trifiro’, DG et al. (in prep)

of the inspiral slows down the evolution of !" when the
components of the spin orthogonal to the orbital angular
momentum are also orthogonal to each other, causing
binaries that are not locked into resonance to pile up at
!" ¼ "90#.

Let us stress again that the statistical effect of resonances
is clearly visible at fGW ¼ 20 Hz, i.e., when BH binaries
enter the Advanced LIGO/Virgo band. GW measurements
of !" can therefore be used to constrain uncertainties in
BH binary-formation scenarios. The inclusion of resonant
effects in population-synthesis models (combined with a
statistically significant sample of GW measurements of
!") has the potential to constrain various aspects of the
models, such as the efficiency of tides, stable mass transfer,
common-envelope (CE) evolution, SN kick velocities, and
the metallicity of BH progenitors.

B. Outline of the paper

The rest of the paper provides details of our astrophys-
ical model and a more detailed discussion of the results. In
Sec. II we introduce our fiducial BH binary-formation
channels, which are based on detailed population-synthesis
models, as described in much greater length in
Appendix A. In order to focus on spin effects, we fix the
component masses to two representative values. We assume

that SN kicks follow a Maxwellian distribution in
magnitude. We also assume that the kicks are distributed
in a double cone of opening angle !b about the spin of
the exploding star and, to bracket uncertainties, we consider
two extreme scenarios: isotropic (!b ¼ 90#) or polar
(!b ¼ 10#) kicks.
Section III summarizes the results of evolving these BH

binaries under the effect of gravitational radiation down to
a final separation of 10GM=c2. We demonstrate that spin-
orbit resonances have a significant impact on the observ-
able properties of our fiducial BH binaries. Although we
have only explored a handful of evolutionary channels and
component masses, in Sec. IV we argue that the scenarios
described in Fig. 1 are broadly applicable: kicks, tides, and
the mass-ratio distribution control spin alignment. We ex-
plore the sensitivity of these three features (and hence of
the observable distribution of resonantly locked binaries)
to several poorly constrained physical inputs to binary-
evolution models, and we argue that GW observations of
precession angles could provide significant constraints on
binary-formation channels. Finally, in Sec. V we describe
the implications of our results for future efforts in binary-
evolution modeling and GW detection.
To complement and justify the simple astrophysical

model proposed in Sec. II, in Appendix A we describe
in detail the rationale underlying the model and its
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FIG. 2 (color online). Left: probability distribution of the angle between the projections of the spins on the orbital plane !". As the
binaries inspiral, the GW frequency fGW increases from 0.01 Hz (dotted blue lines) to 1 Hz (dashed red lines) and later 20 Hz (solid
black lines). Under the effect of tides the PN evolution brings the spins in the same plane (!" ! 0#,"180#), both in a reversed mass
ratio (top panel) and in a standard mass ratio (middle panel) scenario. When tidal effects are removed (bottom panel, where we show
both RMR and SMR binaries) the spins precess freely and pile up at !" ¼ "90#. Right: probability distribution of the angle between
the two spins !12. In the RMR scenario (top panel) the spins end up almost completely aligned with each other, i.e., most binaries have
!12 ’ 0#. In the SMR scenario (middle panel) and in the absence of tides (bottom panel, where again we show both RMR and SMR
binaries) a long tail at large values of !12 remains even in the late inspiral. All simulations shown in this figure assume that kick
directions are isotropically distributed. Error bars are computed assuming statistical Poisson noise.
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New, fast, 
waveform PN 
approximant?

Chatziioannou,  
Klein  et al (in prep) 

Usual PN approach:   
orbit-averaged equations. 

You don’t follow each BH along its orbit, 
but consider the orbits “as a whole” 

Our new PN approach:   
precession-averaged equations. 

You don’t even track each spin along its precession 
cone, but consider the cones “as a whole”



Summary

and movies online
davidegerosa.com/spinprecession

arXiv:1506.03492 
arXiv:1411.06741. A timescale hierarchy 

2. Analytical precession  

3. Quasi-adiabatic inspiral 

4. Morphological phase transitions 

5. From GR to astro


