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Accreting black holes  
as probes of strong-field gravity



Testing strong-field gravity

I don’t really need to explain here why we need to test strong-field gravity

One century after its formulation, 
GR passed all observational and experimental tests with flying colours,

but these tests only probe the weak-field regime of gravity.
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(with exceptions: in some cases strong-field phenomena may affect
the motion of binary pulsar, e.g. spontaneous scalarization; 

but testing these very specific phenomena is not the same thing as
testing the strong-field regime of gravity) 

The strongest gravitational field probed in the solar system is that at the surface of 
sun (light deflection), for which gravitational redshift and spacetime curvature are

GM�
R�c2

� 10�6 GM�
R3

�c2
� 10�28 cm�2

The most accurate test in solar system is probably that of the post-Newtonian 
parameter γ from Cassini spacecraft, with an accuracy of ~10-5.

Binary pulsar tests involve masses MNS � M� and distances similar to R�

therefore they generally test the same regime as solar system test.
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Fig. 2.— The experimental version of the gravitational parameter space (axes the same as in Fig. 1). Curves are described in detail in
the text (§4). Some of the abbreviations in the figure are: PPN = Parameterized Post-Newtonian region, Inv. Sq. = laboratory tests of the
1/r2 behaviour of the gravitational force law, Atom = atom interferometry experiments to probe screening mechanisms, EHT = the Event
Horizon Telescope, ELT = the Extremely Large Telescope, DETF4 = a hypothetical ‘stage 4’ experiment according to the classification
scheme of the Dark Energy Task Force (Albrecht et al. 2006), Facility = a futuristic large radio telescope such as the Square Kilometre
Array.

chosen to cut o↵ before nonlinearities become dominant
(the value chosen varies somewhat in the literature for
the di↵erent experiments). We have also plotted a point
of k ' 0.05 h Mpc�1, corresponding to the approximate
position of the turnover in the matter power spectrum.
The bent shape of these survey regions reflects the shape
of the matter power spectrum shown in Fig. 1 (cyan
curve). Table 1 shows the values used. In addition, we
have added a point to represent recent measurements of
the BAO feature (Anderson et al. 2014).
Although the extent of the parameter space probed

by cosmology is small, we stress that this is one of
the most crucial regions of the plot. Indeed, it is only
via cosmology that we are able to access the ultra-low

TABLE 1
Galaxy Survey Parameters

Experiment k
low

(h Mpc�1) k
high

(h Mpc�1) z
low

z
high

DETF4 0.006 0.2 0.65 2.05
Facility 0.004 0.5 0.42 7.0
BAO - 0.1 - 0.57

curvatures where the problematic dark sector(s) are
completely dominant.

The Cosmic Microwave Background. The green
dashed region in Fig. 2 denotes the constraints from the
ESA Planck satellite (Planck Collaboration et al. 2014).

Curvature

Potential

Curvature and potential
both very large 
near horizon of

stellar-mass (M~10M⊚) BHs!

(Baker et al., ’15)
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Testing strong-field gravity

GW and EM 
observations

allow for
complementary

tests!



Picture by Rob Hynes, Cambridge

Probing strong gravitational fields with 
Quasi Periodic Oscillations (QPOs)Strong Field Diagnostic: Quasi Periodic Oscillations 

Accreting neutron stars Accreting black hole candidates

Sco X-1

10                        100                     1000
Frequency

Quasi-periodic oscillations (QPOs) observed in the X-ray flux from accreting BHs
are associated with phenomena occurring near the BH horizon.

Therefore, they are potentially a probe of strong gravity!

Presently, the accuracy of QPO measurements is not enough to test gravity:
frequencies known at ~1σ with1-2% relative errors (for RXTE) 
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Accreting black holes



Future very large-area X-ray detector: LOFT 
(proposed as an ESA M-class mission, now under evaluation)

 With its ~10m2 effective area, 
it will be able to measure QPO frequencies with very high precision,

up to ~15 times that of RXTE.

This, together with gravitational wave detectors, 
could allow tests of GR in the strong-field regime

Accreting black holes
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rejected from M4
evaluation 

few days ago!



We shall consider one of the main QPO model, 
the relativistic precession model (RPM) (Stella, Vietri, ’98, ’99)

The orbit is a geodesic of the BH spacetime (i.e., assuming GR, the Kerr solution)
and the X-ray emission is modulated by the azimuthal (νφ),

periastron (νper) and nodal (νnod) frequencies where 
νper ≡ νφ - νr            νnod ≡ νφ - ν𝜗

In this model, a blob of matter composing the disk moves on a circular, equatorial 
orbit hardly interacting with the surrounding matter.

νr  and ν𝜗 are the epicyclic frequencies of the geodesic, 
i.e., proper oscillations modes for small displacements δr, δ𝜗

from the circular, equatorial geodesic.

Azimuthal and epicyclic frequencies carry the imprint of the spacetime metric.
If they are emitted near the inner region of the disk (i.e., near the ISCO)

they carry the imprint of the strong-field region of the BH spacetime.

Accreting black holes
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Accreting black holes
This model was used, for instance, in Motta et al.,  MNRAS, ’14a, ‘14b

where the observations from the BH binaries XTE J1655-40, XTE J1550-164
from which a triplet of QPO, emitted at a certain rem, was observed, 

were used to extract the mass M and the angular momenta J=M2a* of the BHs.

Under the assumptions:

(i)    The RPM describes accurately the QPOs
(ii)    GR is the correct theory of gravity, thus the metric is the Kerr solution

The azimuthal and epicyclic frequencies are:

5

were obtained in Pani et al. (2011a) by studying slowly
rotating NSs in the EDGB theory, but they are limited
by the uncertainties on the NS equation of state. Thus,
the range defined by the theoretical bound (15) is uncon-
strained to date (at least, for BHs with M . 8.2M�).
The spacetime metric of a slowly rotating BH at first

order in the angular momentum can be written as

ds2=�f(r)dt2 +
dr2

g(r)
+ r2(d✓2 + sin2 ✓d'2)

�2r2 sin2 ✓!(r)dtd' . (16)

Equations (11) and (12) yield a set of di↵erential equa-
tions which allow us to compute the metric functions
f(r), g(r), !(r) and the scalar profile �(r). The equa-
tions for f(r), g(r) and �(r), coincide with those of a non-
rotating BH, which are discussed in Kanti et al. (1996);
the equation for !(r) has the form

!00(r) +
G1(r)

G2(r)
!0(r) = 0 , (17)

where

G1(r)=�r2

g


f 0

f
� g0

g
� 8

r

�
� �0


6

r
� f 0

f
+

3g0

g
+ 2�0

�
+

+2e�r�00 , (18)

G2(r)=2r2g�1 � 2re��0 . (19)

The solution of Eq. (17) can be written as

!(r) = C1 + C2

Z r

ds e�
R s G2/G3dl , (20)

where C1 and C2 are integration constants. Since f(r),
g(r), and �(r) are known to be the result of numerical
integrations, Eq. (17) has to be solved numerically as
well. 10

Imposing the constraint that the spacetime is asymp-
totically flat, we obtain the asymptotic behavior

!(r) ⇠ 2J

r3
. (21)

For any given value of J , Eq. (21) and its first derivative
allow us to fix the integration constants C1 and C2.
The solution of (16) has the form (3), with gtt = �f(r),

grr = 1/g(r), g✓✓ = r2, g'' = r2 sin2 ✓, and gt' =
�r2 sin2 ✓!(r), and it is symmetric across the equato-
rial plane; therefore, the expressions of the azimuthal
and epicyclic frequencies (⌫', ⌫r, and ⌫✓) presented in
Sec. 2.1 also hold for the solution (16). Finally, as dis-
cussed in Sec. 2.1, we define the periastron and nodal
precession frequencies:

⌫nod = ⌫' � ⌫✓ , ⌫per = ⌫' � ⌫r . (22)

4. RESULTS

4.1. Epicyclic frequencies in EDGB gravity

10 In the small coupling limit, where f(r), g(r), and �(r) are
known analytically, Eq. (17) has been obtained in closed form in
Pani et al. (2011b). The analytic, small coupling solution has been
extended to second order in the spin by Ayzenberg & Yunes (2014).

We have computed the frequencies ⌫', ⌫r, ⌫✓, ⌫per and
⌫nod of a slowly rotating BH in EDGB gravity as func-
tions of the BH mass and angular momentum, and of
the coupling constant ↵/M2. The solution discussed in
Sec. 3.2 describes rotating BHs to first order in the spin
a?. Therefore, our results are a↵ected by a relative error
of the order of ⇠ a?2.
In Table 1 and in Fig. 1, we show the relative di↵erence

between the frequencies computed according to GR and
to the EDGB theory,

✏i =
⌫EDGB
i � ⌫GR

i

⌫GR
i

i = ', r, ✓, nod , per , (23)

for di↵erent values of ↵/M2 and a?. We assume a fiducial
value of the BH mass M = 5.3M�, corresponding to the
estimated mass of GRO J1655-40 (Motta et al. 2014),
and an emission radius r = 1.1 rISCO. The frequencies
⌫GR
i are those obtained by using the Kerr metric, and
are given by

⌫GR
' =

1

2⇡

M1/2

r3/2 + a?M3/2
, (24)

⌫GR
r = ⌫GR

'

✓
1� 6M

r
+ 8a?

M3/2

r3/2
� 3a?2

M2

r2

◆1/2

,(25)

⌫GR
✓ = ⌫GR

'

✓
1� 4a?

M3/2

r3/2
+ 3a?2

M2

r2

◆1/2

. (26)

In the following, consistent with the slow-rotation ap-
proximation, we will consider Eqns. (24)-(26) expanded
to first order in a?.
As shown in Table 1 and in Fig. 1, the deviations in-

crease with ↵/M2, and also with the BH spin a?. They
reach values as high as ⇠ 1 � 4%; only ✏nod can be as
high as ⇠ 13%. We also find that each ⌫GR

i is always
smaller than the corresponding ⌫EDGB

i , thus all ✏i are
greater than zero. We note that since we neglect O(a? 2)
terms, the ↵/M2 ! 0 limit of our results di↵ers from
GR by terms of the same order, with the exception of
⌫nod, which is proportional to a? and therefore has a rel-
ative error of ✏nod / a?. This should be considered as
an order-of-magnitude estimate of the errors, since we do
not know the O((a?)2) terms in the frequencies ⌫EDGB

i
when ↵ 6= 0.

4.2. Testing gravity with LOFT

According to the RPM, the three simultaneous QPO
frequencies (⌫', ⌫per, ⌫nod) are all generated at the same
radial coordinate in the accretion flow. For each such
triplet, the GR Eqns. (24)–(26) provide a system of three
equations for the three unknown parameters (M,a?, r),
which can be solved analytically. In the EDGB modified
gravity, however, the coupling parameter ↵/M2 which
measures deviations from GR enters as an extra unknown
parameter. In general, at least one more QPO triplet
would be required in the RPM in order also to derive the
↵/M2 parameter11.

11 In principle, if an independent, very precise measurement of
the BH mass M were available, then a single triplet would su�ce.
The precision would have to be 1% or better, see Fig. 2 (left panel).
This compares unfavorably with the precision a↵orded by present

Using these expressions, the observed values of the QPO triplet yield
the values of the three quantities M,a*,rem.

This is not a test of GR, but…
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Accreting black holes

LOFT is expected to measure more QPO triplets from the same BH binary
νiφ , νiper ,νinod   i=1,2,…,n

We would then measure 3n quantities, 
with (in GR) n+2 unknowns M, a*, riem

The redundancy (occurring as n>1) would allow to test GR!
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Testing GR with astrophysical observations

How can we test GR with astrophysical observations?
(see e.g. Berti et al., arXiv:1412.3473, submitted to CQG)

One could devise a phenomenological parametrization of the BH spacetime
(bottom-up approach) but present parametrizations are impractical.

We shall instead follow a top-down approach:
consider modifications of GR,

possibly inspired by fundamental physics considerations,
and work out predictions, to be tested against observations.
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We tested GR against EDGB gravity:
Gauss-Bonnet invariant

is included in the action, coupled with a scalar field  ϕ

Einstein-Dilaton Gauss-Bonnet theory

4

We also define the proper angular momentum l = L/E,
and the potential

U(r, ✓) = gtt � 2lgt' + l2g'' . (4)

Since gµ⌫uµu⌫ = �1,

grr ṙ
2 + g✓✓ ✓̇

2 + E2U(r, ✓) = �1 . (5)

If we consider equatorial motion, then Eq. (5) gives
ṙ2 = V (r), where V (r) = �g�1

rr E2
⇥
E2U(r,⇡/2) + 1

⇤
is

an e↵ective potential.
For a circular, equatorial orbit at r = r̄, ṙ = 0 and,

from Eq. (5), we get U,r(r̄,⇡/2) = U,✓(r̄,⇡/2) = 0. E
and L can be determined by imposing V (r̄) = V 0(r̄) = 0,
where the prime indicates di↵erentiation with respect to
r and the further condition V 00 = 0 yields the ISCO ra-
dius. The four-velocity on a circular, equatorial orbit has
the form uµ = u0(1, 0, 0,⌦), where the angular velocity
⌦ = 2⇡⌫' can be found by solving the algebraic equation

gtt,r + 2⌦gt',r + ⌦2g'',r = 0 . (6)

Let us now consider a small perturbation of a circular,
equatorial orbit, i.e.,

r(t) = r̄ + �r(t) ✓(t) =
⇡

2
+ �✓(t) (7)

with �r ⇠ e2⇡i⌫rt, �✓ ⇠ e2⇡i⌫✓t, and �r ⌧ r̄, �✓ ⌧ ⇡/2.
⌫', ⌫r, and ⌫✓ are the azimuthal and the epicyclic fre-
quencies. Eq. (5) yields

�grr(u
02⇡⌫r�r)

2 � g✓✓(u
02⇡⌫✓�✓)

2 + E2
⇣
U
⇣
r̄,

⇡

2

⌘

+
1

2

@2U
@r2

⇣
r̄,

⇡

2

⌘
�r2 +

1

2

@2U
@✓2

⇣
r̄,

⇡

2

⌘
�✓2

◆
= 0 . (8)

Since E = �(gtt + ⌦gt')u0, Eq. (8) implies

⌫2r =
(gtt + ⌦gt')2

2(2⇡)2grr

@2U
@r2

⇣
r̄,

⇡

2

⌘
,

⌫2✓ =
(gtt + ⌦gt')2

2(2⇡)2g✓✓

@2U
@✓2

⇣
r̄,

⇡

2

⌘
. (9)

3. SPINNING BHS IN
EINSTEIN-DILATON-GAUSS-BONNET

GRAVITY

In this Section, we briefly describe the EDGB theory
and its slowly rotating BH solution.

3.1. EDGB gravity

EDGB theory is defined by the following action (Kanti
et al. 1996) 8

S =
1

2

Z
d4x

p
�g

✓
R� 1

2
@µ�@

µ�+
↵e�

4
R2

GB

◆
, (10)

where the Gauss-Bonnet invariant R2
GB is defined as in

Eq. (1) and ↵ > 0 is a coupling constant (in the frame-
work of string theory, ↵ corresponds to the Regge slope;
the gauge coupling constant has been fixed to 1). We use

8 Note that we use the same signature as in Kanti et al. (1996),
but the opposite sign convention for the definition of the Riemann
tensor.

units in which G = c = 1; with this choice, the scalar
field � is dimensionless and ↵ has the dimension of a
squared length.
The field equations of the EDGB theory are found

varying the action (10) with respect to gµ⌫ and �:

Gµ⌫ =
1

2
@µ�@⌫�� 1

4
gµ⌫@↵�@

↵�� ↵Kµ⌫ , (11)

1
p
g
@µ(

p
g@µ�) = �↵

4
e�R2

GB , (12)

where Gµ⌫ = Rµ⌫ � 1
2gµ⌫R is the Einstein tensor,

Kµ⌫ =
gµ⇢g⌫� + gµ�g⌫⇢

8
✏k�↵�r�

�
✏⇢�µ⌫Rµ⌫↵�@ke

�
�
,

(13)
and ✏0123 = �(�g)�1/2.
The solution of Equations (11) and (12) describing a

spherically symmetric BH was found by solving the field
equations numerically in Kanti et al. (1996). An analyt-
ical solution has been derived to second order in ↵/M2

in Mignemi & Stewart (1993); Yunes & Stein (2011).

3.2. Slowly rotating black holes

The solution of the EDGB equations (11) and (12)
which describes a slowly rotating BH was derived in Pani
& Cardoso (2009). It was obtained as a perturbation of
the spherically symmetric, non-rotating BH solution de-
rived in Kanti et al. (1996), to first order in the BH spin
a? = J/M2. This solution (as in the non-rotating case)
only exists if

e�h  r2h
↵
p
6
, (14)

where rh and �h are the radial coordinate and the scalar
field evaluated at the horizon. We refer the reader to the
Appendix of Kanti et al. (1996) for an explicit derivation
of the equations of motion of the spherically symmetric
solution. From the asymptotic behavior of the metric, we
can extractM and the dilatonic chargeD. Since the field
equations are invariant under the rescaling � ! � + �0,
r ! re�0/2 (or equivalentlyM ! Me�0/2, D ! De�0/2),
for each value of M there is only one solution to the non-
rotating BH; the dilatonic charge can be determined in
terms of the BH mass.
As noted in Pani & Cardoso (2009), by imposing

asymptotic flatness (i.e. limr!1 � = 0), the condition
(14) can be written as

0 <
↵

M2
. 0.691 . (15)

The best observational bound on the coupling parameter
was derived by Yagi (2012) using the orbital decay rate
of low-mass X-ray binaries and reads9 ↵ . 47M2

�, which
is weaker than the theoretical bound (15) for BHs with
M . 8.2M�. Constraints of the same order of magnitude

9 This corresponds to the bound
p
↵ < 1.9 km derived in Yagi

(2012) from observations of the low-mass X-ray binary A0620-00.
Note also that this bound was obtained by truncating the EDGB
theory to first order in the coupling, and does not necessarily hold
in the full theory that we are studying here. In order to convert
our notation and conventions to those of Yagi (2012), we should
replace � !

p
16⇡� and ↵ ! 16

p
⇡↵.

2

moreover, the accuracy of the corresponding frequency
measurements is limited to > 1 � 2%. Despite these
limitations, the application of the Relativistic Precession
Model (RPM, see Section 2.1) to the QPOs from the BH
X-ray binary GRO J1655-40 (Motta et al. 2014), the only
BH binary system in which three simultaneous QPOs
were observed, yielded precise measurements of the BH
mass and spin, the former being in full agreement with
the mass derived from optical observations.
With the development of very high throughput X-ray

instrumentation, it is expected that simultaneous QPO
signals will be detected in a variety of BHs and their
frequency will be measured to high precision and accu-
racy, such that quantitative tests of GR predictions in
the strong-field/high-curvature regime will become fea-
sible. X-ray astronomy satellites that can achieve these
goals have been actively studied in recent years. In par-
ticular, the proposed ESA X-ray satellite LOFT, with its
extremely high e↵ective area (up to ⇠ 10 m2) and good
CCD-type spectral resolution (⇠ 180 eV) in the classical
X-ray range (2 - 50 keV), o↵ers the best prospects for
exploiting the QPO diagnostic (Feroci et al. 2012).
As with other astrophysical systems (e.g. the pulse

timing of relativistic binary pulsars (Kramer 2014)
and extreme mass-ratio inspirals (Amaro-Seoane et al.
2014)), QPOs provide in principle two di↵erent meth-
ods to test GR. In the first method, GR predictions
are directly compared to measurements and tested for
consistency. In the second method, alternative theories
are introduced, and their parameters are constrained to
demonstrate whether GR is confirmed as the best theory
of gravity.
Some degree of “redundancy” is required in order to

apply the second method, in that the measurements must
be su�cient to constrain (or infer) more parameters than
those required by GR alone. In this context, alterna-
tive gravity theories have been introduced by adopting
two di↵erent approaches (Psaltis 2009). In a bottom-
up approach, one parametrizes the BH spacetime in a
phenomenological way and, once a deviation from GR is
found (or constrained) in terms of these parameters, one
tries to interpret such a deviation (or constraint) in terms
of an alternative theory. However, the parametrizations
that have been proposed in the literature up to now ei-
ther do not reproduce BH solutions of known theories
alternative to GR (Collins & Hughes 2004; Glampedakis
& Babak 2006; Johannsen & Psaltis 2010) or are very
involved, and therefore are to some extent impractical
(Vigeland et al. 2011). In a top-down approach, instead,
one considers modifications of GR, possibly inspired by
fundamental physics considerations, and then works out
the predictions of such modifications to be tested against
observation. We adopt here a top-down approach to cal-
culate the modified fundamental frequencies of motion
that underlay QPO models. We mention that bottom-
up approaches have been employed to test GR using
QPO signals from accreting BHs, in Johannsen & Psaltis
(2011); Bambi (2012, 2013b).
Among the gravity theories which have been proposed

as alternatives to GR (see e.g. the reviews of Psaltis
(2008), Yunes & Siemens (2013), Will (2014)) we se-
lect the Einstein-Dilaton-Gauss-Bonnet (EDGB) theory

(Kanti et al. 1996), in which the Gauss-Bonnet invariant

R2
GB = R↵���R

↵��� � 4R↵�R
↵� +R2 (1)

is included in the action, coupled with a scalar field. The
reasons for this choice are as follow.

• The most natural way to modify the strong-
field/high-curvature regime of gravity is to include
in the action a quadratic term in the curvature ten-
sor.

• If the equations of motion have third- (or higher)
order derivatives, then the theory is subject to
Ostrogradsky’s instability (Woodard 2007). The
Gauss-Bonnet invariant is the only quadratic term
in the curvature which leads to second-order field
equations, thus avoiding this instability. Theo-
ries with quadratic curvature invariants di↵erent
from (1) should be treated as e↵ective theories, in
which higher-order terms are assumed to be present
in the action and neglected in some regime.

• Since R2
GB is a total derivative, it would not con-

tribute to the field equations unless it is coupled to
a scalar field, as in the EDGB theory.

• The Gauss-Bonnet term can be seen as the first
term in an expansion including all possible curva-
ture invariants and their powers, as suggested by
low-energy e↵ective string theories (see e.g. Moura
& Schiappa (2007) and references therein).

• Scalar-tensor theories which do not include
quadratic (or higher) curvature invariants (see e.g.
Fujii et al. (2003) and references therein) do not in-
troduce strong-field/high curvature corrections to
GR5. Moreover, stationary BHs in these theories
satisfy the no-hair theorems of GR (Sotiriou &
Faraoni 2012). It is then impossible to test GR
against these theories using BHs close to station-
arity. Similar results apply to f(R) theories. In
the EDGB theory, instead, BH solutions are di↵er-
ent from those of GR (Mignemi & Stewart 1993;
Kanti et al. 1996; Pani & Cardoso 2009; Yunes &
Stein 2011; Sotiriou & Zhou 2014). Testing these
di↵erences is the goal of this work.

In this paper, we calculate the azimuthal and epicyclic
frequencies of a slowly rotating BH in EDGB gravity
and find that these di↵er from their GR equivalent by
up to ⇠ 4%. A similar computation has been carried out
for dynamical Chern-Simons gravity (a di↵erent theory
with quadratic curvature terms, see Alexander & Yunes
(2009) for a review) in Vincent (2013), finding that de-
viations from GR predicted by that theory are much
smaller. Using the RPM, we show that the di↵erences be-
tween the QPO frequencies predicted by GR and EDGB
gravity, while undetectable with currently available BH
QPO measurements, can be large enough to be measured
with the next generation of large area X-ray instruments.
This paper is organized as follows. In Section 2 we sum-
marize the RPM and the procedure for computing the

5 Except - in the case of neutron stars - for specific solutions,
for instance, such as those discussed in Damour & Esposito-Farèse
(1993).

The most natural way to modify the strong-field/high-curvature regime of gravity
  is to include in the action a quadratic term in the curvature
The Gauss-Bonnet invariant is a total derivative, thus it has to be coupled to ϕ
This is the only combination giving 2nd order field equations, avoiding instability

Scalar-tensor theories without quadratic terms in the curvature do not affect
   generally the strong-field/high-curvature regime; stationary BHs in these theories
    satisfy no-hair theorems, i.e., are the same as in GR

Both features are string-inspired: the scalar field can be seen as the string dilaton;
   Gauss-Bonnet can be seen as the first term in an expansion in all curvature 
   invariants and their powers, as suggested by low-energy effective string theory 
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Field equations:
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We also define the proper angular momentum l = L/E,
and the potential
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an e↵ective potential.
For a circular, equatorial orbit at r = r̄, ṙ = 0 and,

from Eq. (5), we get U,r(r̄,⇡/2) = U,✓(r̄,⇡/2) = 0. E
and L can be determined by imposing V (r̄) = V 0(r̄) = 0,
where the prime indicates di↵erentiation with respect to
r and the further condition V 00 = 0 yields the ISCO ra-
dius. The four-velocity on a circular, equatorial orbit has
the form uµ = u0(1, 0, 0,⌦), where the angular velocity
⌦ = 2⇡⌫' can be found by solving the algebraic equation

gtt,r + 2⌦gt',r + ⌦2g'',r = 0 . (6)

Let us now consider a small perturbation of a circular,
equatorial orbit, i.e.,
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with �r ⇠ e2⇡i⌫rt, �✓ ⇠ e2⇡i⌫✓t, and �r ⌧ r̄, �✓ ⌧ ⇡/2.
⌫', ⌫r, and ⌫✓ are the azimuthal and the epicyclic fre-
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3. SPINNING BHS IN
EINSTEIN-DILATON-GAUSS-BONNET

GRAVITY

In this Section, we briefly describe the EDGB theory
and its slowly rotating BH solution.

3.1. EDGB gravity

EDGB theory is defined by the following action (Kanti
et al. 1996) 8

S =
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Z
d4x
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R� 1
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@µ�@

µ�+
↵e�

4
R2

GB
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, (10)

where the Gauss-Bonnet invariant R2
GB is defined as in

Eq. (1) and ↵ > 0 is a coupling constant (in the frame-
work of string theory, ↵ corresponds to the Regge slope;
the gauge coupling constant has been fixed to 1). We use

8 Note that we use the same signature as in Kanti et al. (1996),
but the opposite sign convention for the definition of the Riemann
tensor.

units in which G = c = 1; with this choice, the scalar
field � is dimensionless and ↵ has the dimension of a
squared length.
The field equations of the EDGB theory are found

varying the action (10) with respect to gµ⌫ and �:

Gµ⌫ =
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where Gµ⌫ = Rµ⌫ � 1
2gµ⌫R is the Einstein tensor,

Kµ⌫ =
gµ⇢g⌫� + gµ�g⌫⇢
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(13)
and ✏0123 = �(�g)�1/2.
The solution of Equations (11) and (12) describing a

spherically symmetric BH was found by solving the field
equations numerically in Kanti et al. (1996). An analyt-
ical solution has been derived to second order in ↵/M2

in Mignemi & Stewart (1993); Yunes & Stein (2011).

3.2. Slowly rotating black holes

The solution of the EDGB equations (11) and (12)
which describes a slowly rotating BH was derived in Pani
& Cardoso (2009). It was obtained as a perturbation of
the spherically symmetric, non-rotating BH solution de-
rived in Kanti et al. (1996), to first order in the BH spin
a? = J/M2. This solution (as in the non-rotating case)
only exists if

e�h  r2h
↵
p
6
, (14)

where rh and �h are the radial coordinate and the scalar
field evaluated at the horizon. We refer the reader to the
Appendix of Kanti et al. (1996) for an explicit derivation
of the equations of motion of the spherically symmetric
solution. From the asymptotic behavior of the metric, we
can extractM and the dilatonic chargeD. Since the field
equations are invariant under the rescaling � ! � + �0,
r ! re�0/2 (or equivalentlyM ! Me�0/2, D ! De�0/2),
for each value of M there is only one solution to the non-
rotating BH; the dilatonic charge can be determined in
terms of the BH mass.
As noted in Pani & Cardoso (2009), by imposing

asymptotic flatness (i.e. limr!1 � = 0), the condition
(14) can be written as

0 <
↵

M2
. 0.691 . (15)

The best observational bound on the coupling parameter
was derived by Yagi (2012) using the orbital decay rate
of low-mass X-ray binaries and reads9 ↵ . 47M2

�, which
is weaker than the theoretical bound (15) for BHs with
M . 8.2M�. Constraints of the same order of magnitude

9 This corresponds to the bound
p
↵ < 1.9 km derived in Yagi

(2012) from observations of the low-mass X-ray binary A0620-00.
Note also that this bound was obtained by truncating the EDGB
theory to first order in the coupling, and does not necessarily hold
in the full theory that we are studying here. In order to convert
our notation and conventions to those of Yagi (2012), we should
replace � !

p
16⇡� and ↵ ! 16

p
⇡↵.
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can extractM and the dilatonic chargeD. Since the field
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r ! re�0/2 (or equivalentlyM ! Me�0/2, D ! De�0/2),
for each value of M there is only one solution to the non-
rotating BH; the dilatonic charge can be determined in
terms of the BH mass.
As noted in Pani & Cardoso (2009), by imposing

asymptotic flatness (i.e. limr!1 � = 0), the condition
(14) can be written as
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Note also that this bound was obtained by truncating the EDGB
theory to first order in the coupling, and does not necessarily hold
in the full theory that we are studying here. In order to convert
our notation and conventions to those of Yagi (2012), we should
replace � !

p
16⇡� and ↵ ! 16

p
⇡↵.

Since field equations are 2nd order, EDGB gravity can be considered 
either as an effective theory (α/M2<<1) or as a non-effective theory (α finite)
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Einstein-Dilaton Gauss-Bonnet theory

We tested GR against EDGB gravity:
Gauss-Bonnet invariant

is included in the action, coupled with a scalar field  ϕ

2

moreover, the accuracy of the corresponding frequency
measurements is limited to > 1 � 2%. Despite these
limitations, the application of the Relativistic Precession
Model (RPM, see Section 2.1) to the QPOs from the BH
X-ray binary GRO J1655-40 (Motta et al. 2014), the only
BH binary system in which three simultaneous QPOs
were observed, yielded precise measurements of the BH
mass and spin, the former being in full agreement with
the mass derived from optical observations.
With the development of very high throughput X-ray

instrumentation, it is expected that simultaneous QPO
signals will be detected in a variety of BHs and their
frequency will be measured to high precision and accu-
racy, such that quantitative tests of GR predictions in
the strong-field/high-curvature regime will become fea-
sible. X-ray astronomy satellites that can achieve these
goals have been actively studied in recent years. In par-
ticular, the proposed ESA X-ray satellite LOFT, with its
extremely high e↵ective area (up to ⇠ 10 m2) and good
CCD-type spectral resolution (⇠ 180 eV) in the classical
X-ray range (2 - 50 keV), o↵ers the best prospects for
exploiting the QPO diagnostic (Feroci et al. 2012).
As with other astrophysical systems (e.g. the pulse

timing of relativistic binary pulsars (Kramer 2014)
and extreme mass-ratio inspirals (Amaro-Seoane et al.
2014)), QPOs provide in principle two di↵erent meth-
ods to test GR. In the first method, GR predictions
are directly compared to measurements and tested for
consistency. In the second method, alternative theories
are introduced, and their parameters are constrained to
demonstrate whether GR is confirmed as the best theory
of gravity.
Some degree of “redundancy” is required in order to

apply the second method, in that the measurements must
be su�cient to constrain (or infer) more parameters than
those required by GR alone. In this context, alterna-
tive gravity theories have been introduced by adopting
two di↵erent approaches (Psaltis 2009). In a bottom-
up approach, one parametrizes the BH spacetime in a
phenomenological way and, once a deviation from GR is
found (or constrained) in terms of these parameters, one
tries to interpret such a deviation (or constraint) in terms
of an alternative theory. However, the parametrizations
that have been proposed in the literature up to now ei-
ther do not reproduce BH solutions of known theories
alternative to GR (Collins & Hughes 2004; Glampedakis
& Babak 2006; Johannsen & Psaltis 2010) or are very
involved, and therefore are to some extent impractical
(Vigeland et al. 2011). In a top-down approach, instead,
one considers modifications of GR, possibly inspired by
fundamental physics considerations, and then works out
the predictions of such modifications to be tested against
observation. We adopt here a top-down approach to cal-
culate the modified fundamental frequencies of motion
that underlay QPO models. We mention that bottom-
up approaches have been employed to test GR using
QPO signals from accreting BHs, in Johannsen & Psaltis
(2011); Bambi (2012, 2013b).
Among the gravity theories which have been proposed

as alternatives to GR (see e.g. the reviews of Psaltis
(2008), Yunes & Siemens (2013), Will (2014)) we se-
lect the Einstein-Dilaton-Gauss-Bonnet (EDGB) theory

(Kanti et al. 1996), in which the Gauss-Bonnet invariant

R2
GB = R↵���R

↵��� � 4R↵�R
↵� +R2 (1)

is included in the action, coupled with a scalar field. The
reasons for this choice are as follow.

• The most natural way to modify the strong-
field/high-curvature regime of gravity is to include
in the action a quadratic term in the curvature ten-
sor.

• If the equations of motion have third- (or higher)
order derivatives, then the theory is subject to
Ostrogradsky’s instability (Woodard 2007). The
Gauss-Bonnet invariant is the only quadratic term
in the curvature which leads to second-order field
equations, thus avoiding this instability. Theo-
ries with quadratic curvature invariants di↵erent
from (1) should be treated as e↵ective theories, in
which higher-order terms are assumed to be present
in the action and neglected in some regime.

• Since R2
GB is a total derivative, it would not con-

tribute to the field equations unless it is coupled to
a scalar field, as in the EDGB theory.

• The Gauss-Bonnet term can be seen as the first
term in an expansion including all possible curva-
ture invariants and their powers, as suggested by
low-energy e↵ective string theories (see e.g. Moura
& Schiappa (2007) and references therein).

• Scalar-tensor theories which do not include
quadratic (or higher) curvature invariants (see e.g.
Fujii et al. (2003) and references therein) do not in-
troduce strong-field/high curvature corrections to
GR5. Moreover, stationary BHs in these theories
satisfy the no-hair theorems of GR (Sotiriou &
Faraoni 2012). It is then impossible to test GR
against these theories using BHs close to station-
arity. Similar results apply to f(R) theories. In
the EDGB theory, instead, BH solutions are di↵er-
ent from those of GR (Mignemi & Stewart 1993;
Kanti et al. 1996; Pani & Cardoso 2009; Yunes &
Stein 2011; Sotiriou & Zhou 2014). Testing these
di↵erences is the goal of this work.

In this paper, we calculate the azimuthal and epicyclic
frequencies of a slowly rotating BH in EDGB gravity
and find that these di↵er from their GR equivalent by
up to ⇠ 4%. A similar computation has been carried out
for dynamical Chern-Simons gravity (a di↵erent theory
with quadratic curvature terms, see Alexander & Yunes
(2009) for a review) in Vincent (2013), finding that de-
viations from GR predicted by that theory are much
smaller. Using the RPM, we show that the di↵erences be-
tween the QPO frequencies predicted by GR and EDGB
gravity, while undetectable with currently available BH
QPO measurements, can be large enough to be measured
with the next generation of large area X-ray instruments.
This paper is organized as follows. In Section 2 we sum-
marize the RPM and the procedure for computing the

5 Except - in the case of neutron stars - for specific solutions,
for instance, such as those discussed in Damour & Esposito-Farèse
(1993).



Solution of the EDGB field equations
 describing stationary, slowly rotating BHs

(Kanti et al. ’96; Pani & Cardoso ‘09)

We considered this entire range (=> EDGB gravity as a non-effective theory)

Note that α is dimensionful! 
The dimensionless parameter is ζ=α/M2 => larger effect for smaller BHs (i.e., larger

 curvature)
Best observational bound:   α≲47M⊚

2 

(Yagi, PRD ’14)  from orbital decay of LMXRBs 
is weaker than theoretical bound when M≲8.2M⊚ 

5

were obtained in Pani et al. (2011a) by studying slowly
rotating NSs in the EDGB theory, but they are limited
by the uncertainties on the NS equation of state. Thus,
the range defined by the theoretical bound (15) is uncon-
strained to date (at least, for BHs with M . 8.2M�).
The spacetime metric of a slowly rotating BH at first

order in the angular momentum can be written as

ds2=�f(r)dt2 +
dr2

g(r)
+ r2(d✓2 + sin2 ✓d'2)

�2r2 sin2 ✓!(r)dtd' . (16)

Equations (11) and (12) yield a set of di↵erential equa-
tions which allow us to compute the metric functions
f(r), g(r), !(r) and the scalar profile �(r). The equa-
tions for f(r), g(r) and �(r), coincide with those of a non-
rotating BH, which are discussed in Kanti et al. (1996);
the equation for !(r) has the form

!00(r) +
G1(r)

G2(r)
!0(r) = 0 , (17)

where

G1(r)=�r2

g


f 0

f
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� f 0

f
+

3g0

g
+ 2�0

�
+

+2e�r�00 , (18)

G2(r)=2r2g�1 � 2re��0 . (19)

The solution of Eq. (17) can be written as

!(r) = C1 + C2

Z r

ds e�
R s G2/G3dl , (20)

where C1 and C2 are integration constants. Since f(r),
g(r), and �(r) are known to be the result of numerical
integrations, Eq. (17) has to be solved numerically as
well. 10

Imposing the constraint that the spacetime is asymp-
totically flat, we obtain the asymptotic behavior

!(r) ⇠ 2J

r3
. (21)

For any given value of J , Eq. (21) and its first derivative
allow us to fix the integration constants C1 and C2.
The solution of (16) has the form (3), with gtt = �f(r),

grr = 1/g(r), g✓✓ = r2, g'' = r2 sin2 ✓, and gt' =
�r2 sin2 ✓!(r), and it is symmetric across the equato-
rial plane; therefore, the expressions of the azimuthal
and epicyclic frequencies (⌫', ⌫r, and ⌫✓) presented in
Sec. 2.1 also hold for the solution (16). Finally, as dis-
cussed in Sec. 2.1, we define the periastron and nodal
precession frequencies:

⌫nod = ⌫' � ⌫✓ , ⌫per = ⌫' � ⌫r . (22)

4. RESULTS

4.1. Epicyclic frequencies in EDGB gravity

10 In the small coupling limit, where f(r), g(r), and �(r) are
known analytically, Eq. (17) has been obtained in closed form in
Pani et al. (2011b). The analytic, small coupling solution has been
extended to second order in the spin by Ayzenberg & Yunes (2014).

We have computed the frequencies ⌫', ⌫r, ⌫✓, ⌫per and
⌫nod of a slowly rotating BH in EDGB gravity as func-
tions of the BH mass and angular momentum, and of
the coupling constant ↵/M2. The solution discussed in
Sec. 3.2 describes rotating BHs to first order in the spin
a?. Therefore, our results are a↵ected by a relative error
of the order of ⇠ a?2.
In Table 1 and in Fig. 1, we show the relative di↵erence

between the frequencies computed according to GR and
to the EDGB theory,

✏i =
⌫EDGB
i � ⌫GR

i

⌫GR
i

i = ', r, ✓, nod , per , (23)

for di↵erent values of ↵/M2 and a?. We assume a fiducial
value of the BH mass M = 5.3M�, corresponding to the
estimated mass of GRO J1655-40 (Motta et al. 2014),
and an emission radius r = 1.1 rISCO. The frequencies
⌫GR
i are those obtained by using the Kerr metric, and
are given by

⌫GR
' =

1

2⇡

M1/2

r3/2 + a?M3/2
, (24)

⌫GR
r = ⌫GR

'

✓
1� 6M

r
+ 8a?

M3/2

r3/2
� 3a?2

M2

r2

◆1/2

,(25)

⌫GR
✓ = ⌫GR

'

✓
1� 4a?

M3/2

r3/2
+ 3a?2

M2

r2

◆1/2

. (26)

In the following, consistent with the slow-rotation ap-
proximation, we will consider Eqns. (24)-(26) expanded
to first order in a?.
As shown in Table 1 and in Fig. 1, the deviations in-

crease with ↵/M2, and also with the BH spin a?. They
reach values as high as ⇠ 1 � 4%; only ✏nod can be as
high as ⇠ 13%. We also find that each ⌫GR

i is always
smaller than the corresponding ⌫EDGB

i , thus all ✏i are
greater than zero. We note that since we neglect O(a? 2)
terms, the ↵/M2 ! 0 limit of our results di↵ers from
GR by terms of the same order, with the exception of
⌫nod, which is proportional to a? and therefore has a rel-
ative error of ✏nod / a?. This should be considered as
an order-of-magnitude estimate of the errors, since we do
not know the O((a?)2) terms in the frequencies ⌫EDGB

i
when ↵ 6= 0.

4.2. Testing gravity with LOFT

According to the RPM, the three simultaneous QPO
frequencies (⌫', ⌫per, ⌫nod) are all generated at the same
radial coordinate in the accretion flow. For each such
triplet, the GR Eqns. (24)–(26) provide a system of three
equations for the three unknown parameters (M,a?, r),
which can be solved analytically. In the EDGB modified
gravity, however, the coupling parameter ↵/M2 which
measures deviations from GR enters as an extra unknown
parameter. In general, at least one more QPO triplet
would be required in the RPM in order also to derive the
↵/M2 parameter11.

11 In principle, if an independent, very precise measurement of
the BH mass M were available, then a single triplet would su�ce.
The precision would have to be 1% or better, see Fig. 2 (left panel).
This compares unfavorably with the precision a↵orded by present

5

were obtained in Pani et al. (2011a) by studying slowly
rotating NSs in the EDGB theory, but they are limited
by the uncertainties on the NS equation of state. Thus,
the range defined by the theoretical bound (15) is uncon-
strained to date (at least, for BHs with M . 8.2M�).
The spacetime metric of a slowly rotating BH at first

order in the angular momentum can be written as

ds2=�f(r)dt2 +
dr2

g(r)
+ r2(d✓2 + sin2 ✓d'2)

�2r2 sin2 ✓!(r)dtd' . (16)

Equations (11) and (12) yield a set of di↵erential equa-
tions which allow us to compute the metric functions
f(r), g(r), !(r) and the scalar profile �(r). The equa-
tions for f(r), g(r) and �(r), coincide with those of a non-
rotating BH, which are discussed in Kanti et al. (1996);
the equation for !(r) has the form

!00(r) +
G1(r)

G2(r)
!0(r) = 0 , (17)

where

G1(r)=�r2
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� f 0

f
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3g0

g
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�
+

+2e�r�00 , (18)

G2(r)=2r2g�1 � 2re��0 . (19)

The solution of Eq. (17) can be written as

!(r) = C1 + C2

Z r

ds e�
R s G2/G3dl , (20)

where C1 and C2 are integration constants. Since f(r),
g(r), and �(r) are known to be the result of numerical
integrations, Eq. (17) has to be solved numerically as
well. 10

Imposing the constraint that the spacetime is asymp-
totically flat, we obtain the asymptotic behavior

!(r) ⇠ 2J

r3
. (21)

For any given value of J , Eq. (21) and its first derivative
allow us to fix the integration constants C1 and C2.
The solution of (16) has the form (3), with gtt = �f(r),

grr = 1/g(r), g✓✓ = r2, g'' = r2 sin2 ✓, and gt' =
�r2 sin2 ✓!(r), and it is symmetric across the equato-
rial plane; therefore, the expressions of the azimuthal
and epicyclic frequencies (⌫', ⌫r, and ⌫✓) presented in
Sec. 2.1 also hold for the solution (16). Finally, as dis-
cussed in Sec. 2.1, we define the periastron and nodal
precession frequencies:

⌫nod = ⌫' � ⌫✓ , ⌫per = ⌫' � ⌫r . (22)

4. RESULTS

4.1. Epicyclic frequencies in EDGB gravity

10 In the small coupling limit, where f(r), g(r), and �(r) are
known analytically, Eq. (17) has been obtained in closed form in
Pani et al. (2011b). The analytic, small coupling solution has been
extended to second order in the spin by Ayzenberg & Yunes (2014).

We have computed the frequencies ⌫', ⌫r, ⌫✓, ⌫per and
⌫nod of a slowly rotating BH in EDGB gravity as func-
tions of the BH mass and angular momentum, and of
the coupling constant ↵/M2. The solution discussed in
Sec. 3.2 describes rotating BHs to first order in the spin
a?. Therefore, our results are a↵ected by a relative error
of the order of ⇠ a?2.
In Table 1 and in Fig. 1, we show the relative di↵erence

between the frequencies computed according to GR and
to the EDGB theory,

✏i =
⌫EDGB
i � ⌫GR

i

⌫GR
i

i = ', r, ✓, nod , per , (23)

for di↵erent values of ↵/M2 and a?. We assume a fiducial
value of the BH mass M = 5.3M�, corresponding to the
estimated mass of GRO J1655-40 (Motta et al. 2014),
and an emission radius r = 1.1 rISCO. The frequencies
⌫GR
i are those obtained by using the Kerr metric, and
are given by

⌫GR
' =

1

2⇡

M1/2

r3/2 + a?M3/2
, (24)

⌫GR
r = ⌫GR
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1� 6M
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,(25)

⌫GR
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. (26)

In the following, consistent with the slow-rotation ap-
proximation, we will consider Eqns. (24)-(26) expanded
to first order in a?.
As shown in Table 1 and in Fig. 1, the deviations in-

crease with ↵/M2, and also with the BH spin a?. They
reach values as high as ⇠ 1 � 4%; only ✏nod can be as
high as ⇠ 13%. We also find that each ⌫GR

i is always
smaller than the corresponding ⌫EDGB

i , thus all ✏i are
greater than zero. We note that since we neglect O(a? 2)
terms, the ↵/M2 ! 0 limit of our results di↵ers from
GR by terms of the same order, with the exception of
⌫nod, which is proportional to a? and therefore has a rel-
ative error of ✏nod / a?. This should be considered as
an order-of-magnitude estimate of the errors, since we do
not know the O((a?)2) terms in the frequencies ⌫EDGB

i
when ↵ 6= 0.

4.2. Testing gravity with LOFT

According to the RPM, the three simultaneous QPO
frequencies (⌫', ⌫per, ⌫nod) are all generated at the same
radial coordinate in the accretion flow. For each such
triplet, the GR Eqns. (24)–(26) provide a system of three
equations for the three unknown parameters (M,a?, r),
which can be solved analytically. In the EDGB modified
gravity, however, the coupling parameter ↵/M2 which
measures deviations from GR enters as an extra unknown
parameter. In general, at least one more QPO triplet
would be required in the RPM in order also to derive the
↵/M2 parameter11.

11 In principle, if an independent, very precise measurement of
the BH mass M were available, then a single triplet would su�ce.
The precision would have to be 1% or better, see Fig. 2 (left panel).
This compares unfavorably with the precision a↵orded by present

f(r), g(r), ω(r) solution of a system of ordinary differential equations in r

Spacetime metric (at first order in the rotation rate):

4

We also define the proper angular momentum l = L/E,
and the potential

U(r, ✓) = gtt � 2lgt' + l2g'' . (4)

Since gµ⌫uµu⌫ = �1,

grr ṙ
2 + g✓✓ ✓̇

2 + E2U(r, ✓) = �1 . (5)

If we consider equatorial motion, then Eq. (5) gives
ṙ2 = V (r), where V (r) = �g�1

rr E2
⇥
E2U(r,⇡/2) + 1

⇤
is

an e↵ective potential.
For a circular, equatorial orbit at r = r̄, ṙ = 0 and,

from Eq. (5), we get U,r(r̄,⇡/2) = U,✓(r̄,⇡/2) = 0. E
and L can be determined by imposing V (r̄) = V 0(r̄) = 0,
where the prime indicates di↵erentiation with respect to
r and the further condition V 00 = 0 yields the ISCO ra-
dius. The four-velocity on a circular, equatorial orbit has
the form uµ = u0(1, 0, 0,⌦), where the angular velocity
⌦ = 2⇡⌫' can be found by solving the algebraic equation

gtt,r + 2⌦gt',r + ⌦2g'',r = 0 . (6)

Let us now consider a small perturbation of a circular,
equatorial orbit, i.e.,

r(t) = r̄ + �r(t) ✓(t) =
⇡

2
+ �✓(t) (7)

with �r ⇠ e2⇡i⌫rt, �✓ ⇠ e2⇡i⌫✓t, and �r ⌧ r̄, �✓ ⌧ ⇡/2.
⌫', ⌫r, and ⌫✓ are the azimuthal and the epicyclic fre-
quencies. Eq. (5) yields

�grr(u
02⇡⌫r�r)

2 � g✓✓(u
02⇡⌫✓�✓)

2 + E2
⇣
U
⇣
r̄,

⇡

2

⌘

+
1

2

@2U
@r2

⇣
r̄,

⇡

2

⌘
�r2 +

1

2

@2U
@✓2

⇣
r̄,

⇡

2

⌘
�✓2

◆
= 0 . (8)

Since E = �(gtt + ⌦gt')u0, Eq. (8) implies

⌫2r =
(gtt + ⌦gt')2

2(2⇡)2grr

@2U
@r2

⇣
r̄,

⇡

2

⌘
,

⌫2✓ =
(gtt + ⌦gt')2

2(2⇡)2g✓✓

@2U
@✓2

⇣
r̄,

⇡

2

⌘
. (9)

3. SPINNING BHS IN
EINSTEIN-DILATON-GAUSS-BONNET

GRAVITY

In this Section, we briefly describe the EDGB theory
and its slowly rotating BH solution.

3.1. EDGB gravity

EDGB theory is defined by the following action (Kanti
et al. 1996) 8

S =
1

2

Z
d4x

p
�g

✓
R� 1

2
@µ�@

µ�+
↵e�

4
R2

GB

◆
, (10)

where the Gauss-Bonnet invariant R2
GB is defined as in

Eq. (1) and ↵ > 0 is a coupling constant (in the frame-
work of string theory, ↵ corresponds to the Regge slope;
the gauge coupling constant has been fixed to 1). We use

8 Note that we use the same signature as in Kanti et al. (1996),
but the opposite sign convention for the definition of the Riemann
tensor.

units in which G = c = 1; with this choice, the scalar
field � is dimensionless and ↵ has the dimension of a
squared length.
The field equations of the EDGB theory are found

varying the action (10) with respect to gµ⌫ and �:

Gµ⌫ =
1

2
@µ�@⌫�� 1

4
gµ⌫@↵�@

↵�� ↵Kµ⌫ , (11)

1
p
g
@µ(

p
g@µ�) = �↵

4
e�R2

GB , (12)

where Gµ⌫ = Rµ⌫ � 1
2gµ⌫R is the Einstein tensor,

Kµ⌫ =
gµ⇢g⌫� + gµ�g⌫⇢

8
✏k�↵�r�

�
✏⇢�µ⌫Rµ⌫↵�@ke

�
�
,

(13)
and ✏0123 = �(�g)�1/2.
The solution of Equations (11) and (12) describing a

spherically symmetric BH was found by solving the field
equations numerically in Kanti et al. (1996). An analyt-
ical solution has been derived to second order in ↵/M2

in Mignemi & Stewart (1993); Yunes & Stein (2011).

3.2. Slowly rotating black holes

The solution of the EDGB equations (11) and (12)
which describes a slowly rotating BH was derived in Pani
& Cardoso (2009). It was obtained as a perturbation of
the spherically symmetric, non-rotating BH solution de-
rived in Kanti et al. (1996), to first order in the BH spin
a? = J/M2. This solution (as in the non-rotating case)
only exists if

e�h  r2h
↵
p
6
, (14)

where rh and �h are the radial coordinate and the scalar
field evaluated at the horizon. We refer the reader to the
Appendix of Kanti et al. (1996) for an explicit derivation
of the equations of motion of the spherically symmetric
solution. From the asymptotic behavior of the metric, we
can extractM and the dilatonic chargeD. Since the field
equations are invariant under the rescaling � ! � + �0,
r ! re�0/2 (or equivalentlyM ! Me�0/2, D ! De�0/2),
for each value of M there is only one solution to the non-
rotating BH; the dilatonic charge can be determined in
terms of the BH mass.
As noted in Pani & Cardoso (2009), by imposing

asymptotic flatness (i.e. limr!1 � = 0), the condition
(14) can be written as

0 <
↵

M2
. 0.691 . (15)

The best observational bound on the coupling parameter
was derived by Yagi (2012) using the orbital decay rate
of low-mass X-ray binaries and reads9 ↵ . 47M2

�, which
is weaker than the theoretical bound (15) for BHs with
M . 8.2M�. Constraints of the same order of magnitude

9 This corresponds to the bound
p
↵ < 1.9 km derived in Yagi

(2012) from observations of the low-mass X-ray binary A0620-00.
Note also that this bound was obtained by truncating the EDGB
theory to first order in the coupling, and does not necessarily hold
in the full theory that we are studying here. In order to convert
our notation and conventions to those of Yagi (2012), we should
replace � !

p
16⇡� and ↵ ! 16

p
⇡↵.

only exists for
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Testing gravity with accreting BHs

We computed the azimuthal and epicyclic frequencies, and then νφ , νper ,νnod 
for a stationary, slowly rotating EDGB BH, as functions of M,a*,r

Assuming as fiducial values those of XTE 1655-40 
(for which M, a* were extracted within GR): M=5.3 M⊚,   0≤a*≤0.1,  r=1.1 rISCO,

 we found that the relative differences

5

were obtained in Pani et al. (2011a) by studying slowly
rotating NSs in the EDGB theory, but they are limited
by the uncertainties on the NS equation of state. Thus,
the range defined by the theoretical bound (15) is uncon-
strained to date (at least, for BHs with M . 8.2M�).
The spacetime metric of a slowly rotating BH at first

order in the angular momentum can be written as

ds2=�f(r)dt2 +
dr2

g(r)
+ r2(d✓2 + sin2 ✓d'2)

�2r2 sin2 ✓!(r)dtd' . (16)

Equations (11) and (12) yield a set of di↵erential equa-
tions which allow us to compute the metric functions
f(r), g(r), !(r) and the scalar profile �(r). The equa-
tions for f(r), g(r) and �(r), coincide with those of a non-
rotating BH, which are discussed in Kanti et al. (1996);
the equation for !(r) has the form

!00(r) +
G1(r)

G2(r)
!0(r) = 0 , (17)

where

G1(r)=�r2

g
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� f 0

f
+

3g0

g
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�
+

+2e�r�00 , (18)

G2(r)=2r2g�1 � 2re��0 . (19)

The solution of Eq. (17) can be written as

!(r) = C1 + C2

Z r

ds e�
R s G2/G3dl , (20)

where C1 and C2 are integration constants. Since f(r),
g(r), and �(r) are known to be the result of numerical
integrations, Eq. (17) has to be solved numerically as
well. 10

Imposing the constraint that the spacetime is asymp-
totically flat, we obtain the asymptotic behavior

!(r) ⇠ 2J

r3
. (21)

For any given value of J , Eq. (21) and its first derivative
allow us to fix the integration constants C1 and C2.
The solution of (16) has the form (3), with gtt = �f(r),

grr = 1/g(r), g✓✓ = r2, g'' = r2 sin2 ✓, and gt' =
�r2 sin2 ✓!(r), and it is symmetric across the equato-
rial plane; therefore, the expressions of the azimuthal
and epicyclic frequencies (⌫', ⌫r, and ⌫✓) presented in
Sec. 2.1 also hold for the solution (16). Finally, as dis-
cussed in Sec. 2.1, we define the periastron and nodal
precession frequencies:

⌫nod = ⌫' � ⌫✓ , ⌫per = ⌫' � ⌫r . (22)

4. RESULTS

4.1. Epicyclic frequencies in EDGB gravity

10 In the small coupling limit, where f(r), g(r), and �(r) are
known analytically, Eq. (17) has been obtained in closed form in
Pani et al. (2011b). The analytic, small coupling solution has been
extended to second order in the spin by Ayzenberg & Yunes (2014).

We have computed the frequencies ⌫', ⌫r, ⌫✓, ⌫per and
⌫nod of a slowly rotating BH in EDGB gravity as func-
tions of the BH mass and angular momentum, and of
the coupling constant ↵/M2. The solution discussed in
Sec. 3.2 describes rotating BHs to first order in the spin
a?. Therefore, our results are a↵ected by a relative error
of the order of ⇠ a?2.
In Table 1 and in Fig. 1, we show the relative di↵erence

between the frequencies computed according to GR and
to the EDGB theory,

✏i =
⌫EDGB
i � ⌫GR

i

⌫GR
i

i = ', r, ✓, nod , per , (23)

for di↵erent values of ↵/M2 and a?. We assume a fiducial
value of the BH mass M = 5.3M�, corresponding to the
estimated mass of GRO J1655-40 (Motta et al. 2014),
and an emission radius r = 1.1 rISCO. The frequencies
⌫GR
i are those obtained by using the Kerr metric, and
are given by

⌫GR
' =

1

2⇡

M1/2

r3/2 + a?M3/2
, (24)

⌫GR
r = ⌫GR

'

✓
1� 6M

r
+ 8a?

M3/2

r3/2
� 3a?2

M2

r2

◆1/2

,(25)

⌫GR
✓ = ⌫GR

'

✓
1� 4a?

M3/2

r3/2
+ 3a?2

M2

r2

◆1/2

. (26)

In the following, consistent with the slow-rotation ap-
proximation, we will consider Eqns. (24)-(26) expanded
to first order in a?.
As shown in Table 1 and in Fig. 1, the deviations in-

crease with ↵/M2, and also with the BH spin a?. They
reach values as high as ⇠ 1 � 4%; only ✏nod can be as
high as ⇠ 13%. We also find that each ⌫GR

i is always
smaller than the corresponding ⌫EDGB

i , thus all ✏i are
greater than zero. We note that since we neglect O(a? 2)
terms, the ↵/M2 ! 0 limit of our results di↵ers from
GR by terms of the same order, with the exception of
⌫nod, which is proportional to a? and therefore has a rel-
ative error of ✏nod / a?. This should be considered as
an order-of-magnitude estimate of the errors, since we do
not know the O((a?)2) terms in the frequencies ⌫EDGB

i
when ↵ 6= 0.

4.2. Testing gravity with LOFT

According to the RPM, the three simultaneous QPO
frequencies (⌫', ⌫per, ⌫nod) are all generated at the same
radial coordinate in the accretion flow. For each such
triplet, the GR Eqns. (24)–(26) provide a system of three
equations for the three unknown parameters (M,a?, r),
which can be solved analytically. In the EDGB modified
gravity, however, the coupling parameter ↵/M2 which
measures deviations from GR enters as an extra unknown
parameter. In general, at least one more QPO triplet
would be required in the RPM in order also to derive the
↵/M2 parameter11.

11 In principle, if an independent, very precise measurement of
the BH mass M were available, then a single triplet would su�ce.
The precision would have to be 1% or better, see Fig. 2 (left panel).
This compares unfavorably with the precision a↵orded by present

reach values as high as ~1-4%

This much larger than the expected sensitivity of LOFT, 
which should measure QPO frequencies with a fraction of % error!

However, in order to find out whether it would actually be possible 
to test gravity with LOFT,

we had to perform a more refined analysis.
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Let us assume that two different QPO triplets
are measured with LOFT expected sensitivity.

We performed the following analysis:

We chose “true” (supposed to be unknown by the observer) values of M,a*,α
Using EDGB equations, we generated two sets of frequencies

     νref1=(νφ, νper, νnod)1 ,  νref2=(νφ, νper, νnod)2 , 
     corresponding to two values of r/rISCO. 
     These are the measured triplets, with LOFT uncertainties (σφ, σper, σnod).

We imagined that an ingenuous observer interpret these data 
     as generated by a Kerr BH, finding the corresponding (M1,a*1,r1) , (M2,a*2,r2).
     If α=0 we expect M1=M2, a*1=a*2, but if α≠0, we expect M1≠M2, a*1≠a*2

To quantify this discrepancy, we used a Monte Carlo approach, generating
      Gaussian distribution of triplets with standard deviation (σφ, σper, σnod).

The corresponding variables  M1,M2, a*1,a*2 have also Gaussian distributions
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We also computed the 𝜒2 variable for
ΔM=M1-M2    Δa*=a*1-a*2 :

7
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Fig. 2.— Distribution of the BH mass M (left panel) and spin a? (right panel) as obtained from the measurement of the epyciclic
frequencies (⌫', ⌫per, ⌫nod) at two di↵erent radii r. The generated frequencies follow Gaussian distributions with relative widths 15 times
lower than those measured with the RXTE/PCA from GRO J1655-40, as expected for the LOFT-LAD instrument. A BH mass M̄ = 5.3M�
and spin parameter ā? = 0.1 are adopted here in EDGB gravity with the maximal coupling constant (↵/M̄2 = 0.691).

In the three panels of Figure 3, we show the results
of this statistical analysis applied to the case when the
two simulated QPO triplets (⌫', ⌫per, ⌫nod)j , j = 1, 2, are
computed assuming M̄ = 5.3M�, ā? = 0.05, r̄j/rISCO =
1.1, 1.4, and three values of ↵/M̄2, (⇠ 0, 0.576, 0.691).
Each panel shows the regions in the parameter space

(�M,�a⇤) which correspond to the 1�, 2�, and 3� confi-
dence levels. The red dot corresponds to�M = 0,�a⇤ =
0. The left panel refers to the case ↵/M2 = 0 and the
EDGB theory coincides with GR; the ellipses which de-
limit the confidence levels are centered on the red dots,
consistent with two coincident values of M and a?, i.e.
�M = 0 and �a⇤ = 0.
Conversely, in the right panel, the largest value of

↵/M2 allowed by EDGB theory is used; the red circle
lies well outside the 5� confidence ellipse, demonstrating
that the two QPO triplets cannot be interpreted within
GR. We note that this simulation is inconsistent with
�M = 0, but it is still consistent with �a? = 0. This
is due to the fact that the determination of the mass is
more sensitive than the determination of the spin to the
underlying gravity theory (at least for the slowly rotating
BHs with a?  0.2 discussed here).
Furthermore, Fig 3 shows that for ↵/M̄2 = 0.576 (mid-

dle panel), �M would be incompatible with 0 at 3�.
Choosing 3� as a threshold to assess the compatibility
of GR with these simulated data, we conclude that when
ā? = 0.05, we would be able to discriminate between GR
and EDGB theory for values of the coupling constant in
the ↵/M̄2 2 (0.576, 0.691) range.
In Fig 4 we show plots similar to those in Fig 3 for

larger values of the BH angular momentum, i.e., ā? = 0.1
(top panels) and ā? = 0.2 (bottom panels). We adopt
↵/M̄2 = 0.691 in the right panels and the values of
↵/M2 corresponding to the 3� threshold, ↵/M̄2 = 0.545
for ā? = 0.1 and ↵/M̄2 = 0.418 for ā? = 0.2 in the left
panels. We see that as the BH spin increases, regions of
lower ↵/M2 can be explored using this method. There-
fore, we expect that BHs spinning faster than a? = 0.2
will allow us to test GR against the EDGB theory for
smaller values of the coupling constant12.

12 It should be noted that our results for a? = 0.2 are to be

Let us now discuss the case in which multiple (> 2)
QPO triplets are detected from the same BH. We adopt
the approach of considering two of the QPO frequencies
of each triplet as a function of the third frequency (see
Fig. 5), as commonly done in observational studies of
QPOs (Motta et al. 2014). We adopt the following pro-
cedure.

1. We fix M̄ = 5.3M� and ā? = 0.1 and choose
15 equally spaced values of r in the range r =
[1.1� 1.6] rISCO. We then compute two sets of 15
QPO triplets (⌫', ⌫nod, ⌫per)j=1,...,15 corresponding
to ↵/M̄2 = 0 and ↵/M̄2 = 0.691.

2. We simulate the QPO frequency triplets by draw-
ing from Gaussian distributions, centered at the
frequency values computed in point 1, with the
standard deviations expect from observation with
the LOFT-LAD (see Sec. 2.1).

3. Using Eq. (24), we express the radial coordi-
nate as function of ⌫', and the BH mass and
spin, r = r(⌫',M, a?). Replacing this expres-
sion into Eqns. (25)-(26), we obtain the functions
⌫GR
nod(⌫',M, a?) and ⌫GR

per (⌫',M, a?).

4. For each drawn value of ⌫' (see point 2), we span
the M � a? parameter space (with 4 M�  M 
10 M� and 0.01  a?  0.2) and minimize the
chi-square variable

�2 =
15X

j=1

"
(⌫nod � ⌫GR

nod)
2
j

�2
nod

+
(⌫per � ⌫GR

per )
2
j
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(28)

where ⌫nod and ⌫per are those drawn at point 2.
This is equivalent to fitting the dependence of the
simulated values ⌫nod and ⌫per on ⌫' based on GR
alone. The �2 has average E[�2] = 2⇥ 15� 2 = 28
and standard deviation �[�2] =

p
2⇥ E[�2] ' 7.5.

considered as an extrapolation since, as mentioned above, we ne-
glected terms of the order of O(a?)2; in a subsequent paper, we
will generalize the EDGB BH solution and extend our analysis to
consistently include second-order terms in the BH spin.
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Fig. 3.— Confidence levels with which GR can be tested against the EDGB theory (see text) are plotted in the (�M,�a?) plane. The red
dot is the origin of the plane. The parameters corresponding to the two injected sets of frequencies (⌫', ⌫per, ⌫nod)j are r̄j/rISCO = 1.1, 1.4,
M̄ = 5.3M�, and ā? = 0.05. Remember that these frequencies are computed using the EDGB theory. In the left panel, we assume that
the coupling constant of the EDGB theory, ↵/M̄2, is zero, so that the EDGB theory coincides with GR. The red dot falls in the center of
the 1� ellipse, showing that the the two sets of frequencies are fully compatible with GR and that our statistical analysis is correct. In the
right panel, we set ↵/M̄2 = 0.691, i.e. the maximum value allowed by the EDGB theory. The red dot is well outside the 5� confidence
level (dashed line), showing that in this case we would be able to exclude that the two sets of frequencies are generated according to GR.
In the middle panel ↵/M̄2 = 0.576 and the red dot touches the 3� confidence level, i.e. the frequencies would be incompatible with GR to
this confidence level.
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Fig. 4.— Same as Fig. 4, with ā? = 0.1, 0.2 (upper and lower panel, respectively). ↵/M̄2 has the maximum value in the right panels,
and the threshold value for which GR would be excluded at 3� confidence level in the left panels.Leonardo Gualtieri                       One Hundred Years of Strong Gravity              Lisbon,  10-12 June 2015

Testing gravity with accreting BHs



Adopting a 3σ threshold, for a BH spinning as fast as a*=0.2
we could detect discrepancies between GR and EDGB gravity for 

0.418<ζ<0.619    (ζ=α/M2)
If no discrepancies are detected, we would rule out this range of α.

This study assumed a particular QPO model, the RPM.
  Other models should be included in the analysis

    (e.g., the epicyclic resonance model of Kluzniak and Abramowicz) .

Accreting BHs are then a promising testbed for gravity, 
since they can probe its strong-field/high-curvature regime!
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Testing gravity with accreting BHs

Maselli et al. ApJ 2015 was just a preliminary study:

Since BHs in EDGB gravity (with finite α/M2) were only known at O(a*)
we considered a* up to 0.1-0.2, but actual BHs rotate more rapidly, and
BHs with large a* are more sensitive to strong gravity (smaller ISCO)

Since BHs in EDGB gravity (with finite α/M2) were only known at O(a*)
we considered a* up to 0.1-0.2, but actual BHs rotate more rapidly, and
BHs with large a* are more sensitive to strong gravity (smaller ISCO)
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Not-so-slowly-rotating EDGB BHs 
A. Maselli, P. Pani, L.G., V. Ferrari, in preparation

EDGB BHs at 2nd order in a* were already known in the ζ<<1 case
(Ayzenberg & Yunes, PRD 90, 044066 ‘14)  

but we need to consider finite values of ζ (up to ~0.691).
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Using the orbital decay of low-mass X-ray binar-
ies, the tightest observational bound on the EDGB
coupling parameter reads ↵ . 47M2

� [30]. This
upper bound is weaker than the theoretical con-
straint (17) for BHs with M . 8.2M�. For such
BHs, the entire range (18) is phenomenologically
allowed.

Solutions of Eqs. (14) has been solved numer-
ically in Ref. [12], while an analytical, static BH
solution has been derived to second order in ↵/M2

in Refs. [16, 17].

C. Spinning BH solutions

To describe slowly-rotating BH solutions we fol-
low the approach developed by Hartle [14, 31], in
which spin corrections to the static solutions are in-
troduced within a perturbative framework. Let us
start with the most general solution for a station-
ary, axially-symmetric spacetime1 which is given
by

ds2 = �H2dt2 +Q2dr2 + r2K2[d✓2 +

+ sin2 ✓(d'� Ldt)2] , (19)

where H,Q,K and L are functions of (r, ✓). Ex-
panding the ansatz (19) to second order in the BH
spin � yields

ds2 =�e�[1 + 2h(r, ✓)]dt2 + e�⇤[1 + 2m(r, ✓)]dr2

+r2[1 + k(r, ✓)][d✓2 + sin2 ✓(d'� !̂(r, ✓)dt)2] ,

where !̂(r, ✓) is of the order O(�), and h,m, k are
of the order O(�2). These functions can be ex-
panded in a complete basis of orthogonal functions
accordingly to their symmetry properties as

!̂ = !(r)S1(✓) , (20)

h = h0(r) + h2(r)P2(cos ✓) , (21)

m = m0(r) +m2(r)P2(cos ✓) , (22)

k = k0(r) + k2(r)P2(cos ✓) , (23)

where Pl are the Legendre polynomials and S1 =
� 1

sin ✓
dP1(cos ✓)

d✓ ⌘ 1. Moreover, since the met-
ric (20) is invariant under the rescaling r ! f(r),
the function k0(r) can be set to zero without loss
of generality [14, 31].

Because the dilaton field transforms as a scalar
under rotation, we expand the dilaton field as

�(r) = �(r) + �0(r) + �2(r)P2(cos ✓) , (24)

where � is the background static solution, while �0

and �2 are functions of the order O(�2).

1 We also assume equatorial symmetry and invariance un-
der (t ! �t,' ! �').

1. O(�) corrections

Rotating BH solutions in EDGB gravity have
been investigated to linear order in the spin angu-
lar momentum in Refs. [18, 20]. At this order the
metric (20) reduces to the static case with a non-
vanishing gyromagnetic term described by !̂(r, ✓):

ds2 = �e�(r)dt2 + e�⇤(r)dr2 + r2d⌦2 +

�2r2!̂(r) sin2 ✓dtd' . (25)

where we used Eq. (20) and the fact that S1 ⌘ 1.
From G̃t

' = 0, it is easy to show that ! satisfies
the second-order equation [20]:

!00+
⇥
2r2e⇤ � 2↵r�0e�

⇤�1

��↵e� [2�00r + �0(6 + 2�0r � �0r � 3⇤0r)]

�e⇤r [�8 + r(�0 + ⇤0)]
�
!0 = 0 . (26)

where the term proportional to ! vanishes and the
coe�cients of !0 depends on the nonspinning solu-
tion. The BH angular momentum can be read o↵
the asymptotic behavior of the gyromagnetic term,

!(r) ! 2J

r3
, (27)

at large distance.

2. O(�2) corrections

In this section we shall finally provide the set
of di↵erential equations which describe the O(�2)
terms of the spinning BH solution. By plugging
the metric ansatz (20) in the field equations and us-
ing the decomposition in Legendre polynomials, we
obtain a set of five equations which can be solved
for (h0, h2,m0,m2, k2). By virtue of the symmetry
properties of the decomposition, the l = 0 and
l = 2 modes decouple and can be treated separ-
ately, as in GR [14, 31]. We can therefore isolate
the monopole and quadrupole components of the
metric and scalar-field perturbations resorting to
the orthogonality properties of the Legendre poly-
nomials.

From G̃t
t = 0 and G̃r

r = 0, we obtain the equa-
tions for m0 e h0:

A1
(0)m

0
0 +A2

(0)m0 +A3
(0)!

02 +A4
(0) = 0 , (28)

B1
(0)h

0
0 + B2

(0)m0 + B3
(0)!

02 + B4
(0) = 0 . (29)

Likewise, from Eq. (4), we obtain the equation
for the second-order monopole component of the
scalar field:

�00
0 +D1

(0)�
0
0 +D2

(0)�0 +D3
(0) = 0 . (30)
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for (h0, h2,m0,m2, k2). By virtue of the symmetry
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2. O(�2) corrections
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�00
0 +D1

(0)�
0
0 +D2

(0)�0 +D3
(0) = 0 . (30)

Spherically symmetric background, O(a*2) perturbations:

Field equations
expanded at 

O(a*2):
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� 1

sin ✓
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d✓ ⌘ 1. Moreover, since the met-
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�(r) = �(r) + �0(r) + �2(r)P2(cos ✓) , (24)
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1 We also assume equatorial symmetry and invariance un-
der (t ! �t,' ! �').

1. O(�) corrections
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�2r2!̂(r) sin2 ✓dtd' . (25)
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!00+
⇥
2r2e⇤ � 2↵r�0e�

⇤�1

��↵e� [2�00r + �0(6 + 2�0r � �0r � 3⇤0r)]

�e⇤r [�8 + r(�0 + ⇤0)]
�
!0 = 0 . (26)

where the term proportional to ! vanishes and the
coe�cients of !0 depends on the nonspinning solu-
tion. The BH angular momentum can be read o↵
the asymptotic behavior of the gyromagnetic term,

!(r) ! 2J

r3
, (27)

at large distance.

2. O(�2) corrections

In this section we shall finally provide the set
of di↵erential equations which describe the O(�2)
terms of the spinning BH solution. By plugging
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properties of the decomposition, the l = 0 and
l = 2 modes decouple and can be treated separ-
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nomials.

From G̃t
t = 0 and G̃r

r = 0, we obtain the equa-
tions for m0 e h0:

A1
(0)m

0
0 +A2

(0)m0 +A3
(0)!

02 +A4
(0) = 0 , (28)

B1
(0)h

0
0 + B2

(0)m0 + B3
(0)!

02 + B4
(0) = 0 . (29)

Likewise, from Eq. (4), we obtain the equation
for the second-order monopole component of the
scalar field:

�00
0 +D1

(0)�
0
0 +D2

(0)�0 +D3
(0) = 0 . (30)
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The O(�2) coe�cients Ai=1,...4
(0) , Bi=1,...4

(0) and

Di=1,...3
(0) are given in Appendix A and depend

on the background and the linear-order variables
(�,⇤,!) and on their derivatives.

With the monopole contribution at hand, we can
turn our attention to the quadrupole contribution.
From the G̃r

✓ component of the modified Einstein
equations we get a di↵erential equation involving
h2, m2 and k2:

A1
(2)h

0
2 +A2

(2)k
0
2 +A3

(2)h2 +A4
(2)m2 +

+A5
(2)!

02 +A6
(2) = 0 . (31)

Moreover, from G̃r
r � G̃✓

✓ = 0 we obtain

B1
(2)k

0
2 + B2

(2)k2 + B3
(2)h2 + B4

(2)m2 +

+ B5
(2)!

02 + B6
(2) = 0 , (32)

whereas the G̃✓
✓ � G̃'

' = 0 equation yields

C1
(2)h2 + C2

(2)m2 + C3
(2)!

02 + C4
(2) = 0 . (33)

Finally, similarly to the l = 0 case, we obtain a
di↵erential equation for the second-order quadru-
polar correction of the scalar field �2:

�00
2 + E1

(2)�
0
2 + E2

(2)�2 + E3
(2) = 0 . (34)

The coe�cients of the l = 0 and l = 2 equations
just presented are listed in Appendix A.

D. Small-coupling approximation

The set of equations (14), (26) and (28)-(34)
provide a full description of the BH solution to
second order in the spin angular momentum. How-
ever, such equations are cumbersome and it is im-
practical to solve them numerically. Furthermore,
the theoretical constraint (18) shows that the di-
mensionless coupling parameter has to be smaller
than unity. This motivates a small-coupling ap-
proximation [18–20], in which the field equations
are solved perturbatively in ↵/M2 ⌧ 1 to some
desired order.

To simplify the notation, we introduce the di-
mensionless parameter

⇣ =
↵

M2
. (35)

As a result of our approximation scheme, we ex-
pand all quantities, such as the metric functions
and the scalar field, in terms of ⇣ ⌧ 1 and � ⌧ 1.
For example,

gµ⌫ = g(0,0)µ⌫ +
2X

i=1

NX

j=1

�i⇣jg(i,j)µ⌫ , (36)

where the double superscript (i,j) denotes the
order of the expansion in the EDGB coupling

parameter and the BH spin, and g(0,0)µ⌫ repres-
ents the unperturbed variable. In practice, us-
ing the spin decomposition previously presented
to O(�2), we simply expand the set of variables
~f = {�,⇤,�,!,m0,m2, k2, h0, h2,�0,�2} as

f =
NX

i=0

⇣if (i) , (37)

where f (i) are radial functions. Replacing these
expressions into Eqs. (14), (26) and (28)–(34), and
solving them order by order, we obtain the de-
sired expansion for the metric tensor and the scalar
field. Remarkably, this procedure yields an analyt-
ical solution. We computed the explicit solution up
to the order O(⇣7,�2), but the procedure can be
straightforwardly extended to higher order in ⇣.

We note that solving the di↵erential equations
at each order in � and ⇣ yields some integration
constants, which are uniquely fixed asking that:

1. the metric is asymptotically flat at infinity;

2. there exists an event horizon, where perturb-
ations are regular;

3. the physical mass and angular momentum of
the BH are given by M and M2�, as meas-
ured by an observer at spatial infinity. In
particular, the bare mass of the O(⇣0) solu-
tion acquires some corrections to each order
in ⇣, which are reabsorbed in the physical
mass M2.

The final expressions we have obtained are cumber-
some. The explicit form of the metric tensor and
of the scalar field are available in a supplemental
Mathematica notebook, whereas the expressions
truncated to O(⇣4,�2) are given in Appendix B.

III. RESULTS

With the analytical solution at hand, it is inter-
esting to study its properties. In this section, we

2 We note that only one of the two integration constants
appearing in the solution of the scalar field at each order
in ⇣ is fixed by requiring regularity outside the horizon,
while the metric is regular for each value of the corres-
ponding constants. Although this is not evident in the
Schwarzschild coordinates adopted here, it can be non-
etheless checked by computing some curvature invariants.
However, the remaining integration constants can all be
reabsorbed in the definitions of the physical mass and an-
gular momentum, so that the final solution truncated at
a given order depends only on two parameters, as in the
Kerr case.
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where f (i) are radial functions. Replacing these
expressions into Eqs. (14), (26) and (28)–(34), and
solving them order by order, we obtain the de-
sired expansion for the metric tensor and the scalar
field. Remarkably, this procedure yields an analyt-
ical solution. We computed the explicit solution up
to the order O(⇣7,�2), but the procedure can be
straightforwardly extended to higher order in ⇣.
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at each order in � and ⇣ yields some integration
constants, which are uniquely fixed asking that:

1. the metric is asymptotically flat at infinity;

2. there exists an event horizon, where perturb-
ations are regular;

3. the physical mass and angular momentum of
the BH are given by M and M2�, as meas-
ured by an observer at spatial infinity. In
particular, the bare mass of the O(⇣0) solu-
tion acquires some corrections to each order
in ⇣, which are reabsorbed in the physical
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(2)!
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where f (i) are radial functions. Replacing these
expressions into Eqs. (14), (26) and (28)–(34), and
solving them order by order, we obtain the de-
sired expansion for the metric tensor and the scalar
field. Remarkably, this procedure yields an analyt-
ical solution. We computed the explicit solution up
to the order O(⇣7,�2), but the procedure can be
straightforwardly extended to higher order in ⇣.

We note that solving the di↵erential equations
at each order in � and ⇣ yields some integration
constants, which are uniquely fixed asking that:

1. the metric is asymptotically flat at infinity;

2. there exists an event horizon, where perturb-
ations are regular;

3. the physical mass and angular momentum of
the BH are given by M and M2�, as meas-
ured by an observer at spatial infinity. In
particular, the bare mass of the O(⇣0) solu-
tion acquires some corrections to each order
in ⇣, which are reabsorbed in the physical
mass M2.

The final expressions we have obtained are cumber-
some. The explicit form of the metric tensor and
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III. RESULTS

With the analytical solution at hand, it is inter-
esting to study its properties. In this section, we

2 We note that only one of the two integration constants
appearing in the solution of the scalar field at each order
in ⇣ is fixed by requiring regularity outside the horizon,
while the metric is regular for each value of the corres-
ponding constants. Although this is not evident in the
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etheless checked by computing some curvature invariants.
However, the remaining integration constants can all be
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a given order depends only on two parameters, as in the
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Each of these coefficients is an expression in terms of background quantities
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Field equations for finite ζ at 2nd order in a* are highly nonlinear, 
their numerical resolution is challenging. 

We have solved them using a perturbative approach in ζ, up to O(ζ7):
calling 𝜒=a*, two-parameter perturbative expansion up to O(𝜒2ζ7)

The expression for metric coefficients too long to be shown here, but e.g.
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multipole moments) of any regular, stationary,
asymptotically-flat BH in GR is uniquely determ-
ined by the massM and angular momentum J [33–
35]. A deformed Kerr geometry as the one just dis-
cussed does not necessarily possess this unique no-
hair property. However, because the dilaton charge
of this solution is not an independent parameter,
the multipole moments of an EDGB BH can all
be written in terms of M and J but the relations
among them will change. The ⇣-corrections to the
BH quadrupole moment are thus relevant to test
the BH no-hair theorems and, in turn, the Kerr
hypothesis [2–4].

To compute the quadrupole moment, we fol-
low the general approach described in [36],
which shows how the multipole moments of an
asymptotically-flat geometry can be read o↵ the
asymptotic behavior of the metric if the latter is
expressed in asymptotically-Cartesian and mass-
centered (ACMC) coordinates. In particular, in
order to extract the quadrupole moment the metric
has to be ACMC-2, i.e. that gtt and gij (i, j 6= t)
should not contain any angular dependence up to
O(1/r2) terms. In our case, the coordinate trans-
formation that enforces such property reads

r ! r +
a2

2r


1 +

M

r
� 2M2

r2
+

M(6M � r)

r2
cos2 ✓

�
,

✓ ! ✓ +
a2M

r3
sin ✓ cos ✓ .

Note that such transformations do not involve the
EDGB coupling ⇣. In the new ACMC-2 coordin-
ates, the gtt component reads:

gtt = �1 +
2M

r
+

p
3

2r3
[Q20Y

20 +

+ (l = 0 pole)] +O
✓

1

r4

◆
, (45)

where Y20 is the (l = 2,m = 0) spherical harmonic
and Q20 is the m = 0 mass quadrupole moment.
From our explicit solution we obtain

r
15

⇡

1

�2M3
Q20 =� 8� 4463⇣2

5250
� 0.60⇣3+

� 0.60⇣4 � 0.62⇣5 +

� 0.68⇣6 � 0.78⇣7 . (46)

Note that Q20 is quadratic in � so that the com-
bination Q20/(M3�2) is dimensionless and spin-
independent. For ⇣ ⇠ 0.4, the O(⇣2) correction to
the quadrupole moment relative to the Kerr case is
about 1.7%, whereas the O(⇣3) and O(⇣4) correc-
tions are approximately 0.5% and 0.2%, respect-
ively.

D. Geodesics and epicyclic frequencies

We now study geodesics in the slowly-rotating
EDGB BH spacetime. We restrict to equatorial
timelike orbits for which ✓ = ⇡/2 and d✓ = 0.
We first compute stable circular orbits, then, by
considering small perturbations of a circular orbit,
we derive the epicyclic frequencies !r and !✓ (see
e.g. Refs. [23–25]). For a stationary-axisymmetric
spacetime, the ISCO location corresponds to the
radius at which the second derivative of the e↵ect-
ive potential,

V (r) =
1

grr

✓E2g'' + 2ELgt' + L2gtt
g2t' � gttg''

� 1

◆
,

(47)
vanishes. Here, we have introduced the particle
specific energy and angular momentum, E and
L [37], given by

E =� gtt + gt'!'q
�gtt � 2gt'!' � g''!2

'

, (48)

L =
gt' + g''!'q

�gtt � 2gt'!' � g''!2
'

, (49)

where !' is the azimuthal angular velocity

!' =
�gt',r +

q
g2t',r � gtt,rg'',r

g'',r
. (50)

Using our solution and solving V 00(r) = 0 order by
order, we obtain the ISCO radius up to O(⇣7,�2):

rIsco
M

= 6� 4

r
2

3
�� 8�2

27
+ ⇣2(1.4�2 � 12�� 10)10�2 + ⇣3(2.7�2 � 6.6�� 5.1)10�2 +

+ ⇣4(3.9�2 � 5.4�� 3.8)10�2 + ⇣5(5.0�2 � 4.9�� 3.3)10�2 +

+ ⇣6(6.4�2 � 4.8�� 3.3)10�2 + ⇣7(8.0�2 � 5.1�� 3.4)10�2 . (51)

Not-so-slowly-rotating EDGB BHs 

Azimuthal and epicyclic frequencies are given by similar expressions.

At O(𝜒2ζ2), we reproduce the results of Ayzenberg & Yunes ’14 
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To estimate the truncation errors due to neglecting O(ζ7) terms,

we compared our solution at first order in the spin 
with that of Pani & Cardoso PRD 79, 084031 ’09, which is O(𝜒) and exact in ζ:9

This results coincides4 with the Kretschmann
scalar derived in [19] and evaluated at the event
horizon on the equatorial plane in Boyer-Lindquist
coordinates. Finally, using the metric components
derived in Ref. [19] we have evaluated M!� at the
ISCO – which is also a gauge invariant quantity –
finding that it coincides with our result given by
Eq. (54) and truncated to O(⇣2,�2).

F. Accuracy of the expansion

In this section we estimate the accuracy of our
perturbative scheme. In particular, we will es-
timate the truncation errors arising from neglect-
ing O(⇣8) terms in the expansion. To this aim,
we compare our results with those obtained in
Refs. [20, 26], where a solution for slowly-rotating
BH in the EDGB theory has been derived, which
is exact in ⇣, but approximate to the linear order
in the spin angular momentum. Therefore, to be
consistent, we will neglect terms of the orderO(�2)
in Eqns. (38), (51), (54) and (55).

In Fig. 1, we compare the exact dilatonic charge
computed numerically [12, 20] with our analytical
result (42) truncated at various order of ⇣. As ex-
pected, for ⇣ ⌧ 0.2 higher-order corrections are
negligible, but they become more important as
⇣ ! 0.691. To O(⇣7), the deviation from the exact
result is about 1% for ⇣ ⇠ 0.6 and is at most 5%
for ⇣ ⇠ 0.691. In contrast, the O(⇣2) truncation
can di↵erent by about 30% as ⇣ increases to its
maximum value.

4

[Paolo: Vogliamo fare riferimento al fatto che coincide con

le correzioni dell’erratum e non con la prima versione? Qual-

cosa tipo:] In fact, our expressions correct some typos
in the original version of Ref. [19], which has been now
fixed.
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Figure 1. Top panel: dilatonic charge as a function
of ⇣ = ↵/M2 for the exact case (black markers) and
compared with our analytical result (42) truncated at
O(⇣2), O(⇣5) and O(⇣7) and for zero spin. Bottom
panel: relative error as a function of ↵ for various trun-
cations.

Likewise, for the set of quantities f =
{rh, rIsco,M!'|Isco,M!✓|Isco}, we compute the re-
lative error

✏n =
f (n,1)

f̄
� 1 , (58)

where f̄ represents the exact quantity computed
through numerical integration [20, 26]. We es-
timate ✏n at various orders of approximation in
⇣, for di↵erent BH spin parameters. The results
are shown in Table. 2. In the left part of Table I
we show the largest relative errors obtained for
all the quantities considered, at di↵erent levels
of accuracy, in the worst-case scenario for which
⇣ ⇠ 0.691. This represents an extreme situation,
because already for slighly smaller couplings the
deviations are yet smaller, as shown in the right
part of Table I for ↵/M2 = 0.576.

It is clear that our analytical solution approaches
the exact numerical one as the value of n in-
creases, i.e. when one considers more terms in
the small-coupling expansion. In particular, for
rISCO,M!'|Isco,M!✓|Isco [Paolo: ISCO o Isco?]
we get relative errors always smaller than 1% for
any value of ⇣, even for the maximum value al-
lowed, ⇣ ⇠ 0.691. For the horizon, the threshold
above which ✏n=7 is larger than 1% is lower,
namely ⇣ ⇠ 0.55.

G. Importance of spin corrections

The analysis presented in the previous section
shows that the perturbative metric expanded in

Dilatonic 
charge

Pani & Cardoso ‘09

10

� ✏n=2

(%) ✏n=4

(%) ✏n=6

(%) ✏n=7

(%)

r
h

/M 0 5.90 4.45 3.72 3.48

r
Isco

/M 0 1.00 0.58 0.43 0.39

0.05 1.11 0.65 0.49 0.44

0.10 1.23 0.72 0.54 0.49

M!'|Isco 0 1.36 0.79 0.59 0.53

0.05 1.56 0.95 0.72 0.66

0.10 1.88 1.22 0.98 0.91

M!✓|Isco 0.05 1.53 0.92 0.69 0.63

0.10 1.78 1.13 0.88 0.81

� ✏n=2

(%) ✏n=4

(%) ✏n=6

(%) ✏n=7

(%)

r
h

/M 0 1.33 0.52 0.24 0.17

r
Isco

/M 0 0.32 0.093 0.038 0.026

0.05 0.37 0.12 0.055 0.042

0.1 0.42 0.14 0.074 0.059

M!'|Isco 0 0.44 0.13 0.053 0.036

0.05 0.56 0.23 0.14 0.13

0.1 0.80 0.44 0.35 0.33

M!✓|Isco 0.05 0.54 0.20 0.12 0.10

0.1 0.71 0.36 0.27 0.25

Table I. Left: the relative error ✏n (cf. Eq. (58)) between di↵erent quantities listed in the first column, computed
through the exact EDGB solution derived in [20], and compared with our perturbative, analytical results truncated
at O(⇣n). We consider the maximum value of ⇣ which allows for BH solutions in EDGB gravity, ⇣ = 0.691, and
di↵erent values of the BH spin parameter. Right: Same of the left table but for ↵/M2 = 0.576.

powers of ⇣ is a very good approximation of the
exact result, which reproduces the most relevant
geodesic quantitites within 1% for the maximum
value ⇣ ⇠ 0.691 and within 0.3% for ⇣ ⇠ 0.576. It is
therefore justified to adopt such analytical metric
as a starting point to devise strong-field tests of
gravity.

Reference [26] considered the deviations of the
azimuthal and epicyclic frequencies in a slowly-
rotating EDGB BH to first order in the spin. It
was suggested that the deviations from the Kerr
case should increase with higher spin because the
curvature near a rotating BH increases with the
spin.

In Fig. 2, we confirm this claim by showing the
deviations of the horizon and ISCO location and,
most importantly, of the azimuthal frequency !'

and angular epicyclic frequency !✓ at the ISCO
relative to their Kerr values and as functions of ⇣
and �. For a fixed value of ⇣, the deviations are
systematically larger for larger value of the spin,
reaching up to 7% for � = 0.6, which is however
an extrapolation of our results that are valid up
to O(�2). However, because the ISCO location
decreases with the spin and therefore the orbits
probe a region of higher curvature, we expect this
trend to be qualitatively valid also for higher spin.
Finally, it is interestingly to note that the devi-
ations of the horizon location are almost insensit-
ive to the spin, whereas the epicyclic frequencies
are much more sensitive to spin corrections.

IV. DISCUSSION AND OUTLOOK

With the advent of precision measurements of
the spectrum of accreting compact objects, it is
of utmost importance to devise tests of gravity
that use these measurements to probe the geo-
metry near compact objects. For BH-based tests,

a crucial ingredient seems to be a parametrized
nonKerr geometry which can possibly incorpor-
ate deviations from GR no-hair theorems [2–4].
Various phenomenological, bottom-up parametriz-
ations have been proposed, each one with its own
limitations (cf. Refs. [38, 39] for some discussion).
In this work, we have taken a complementary, top-
down approach, by considering a specific modi-
fied theory – namely EDGB gravity– as a case-
study. This theory has some appealing theoretical
features, for example it is free from instabilities
and circumvents the BH no-hair theorems. Fur-
thermore, it modifies GR precisely in the strong-
curvature regions, while passing all current solar-
system and binary-pulsar tests [4].

Spinning BHs in this theory have been studied in
the past, both numerically [12, 20–22] and analyt-
ically [16–19] to leading order in the coupling para-
meter. Numerical solutions have the merit to be
general, but they are impractical for some applic-
ations, for example for Monte Carlo simulations
spanning a high-dimensional parameter space. Ap-
proximate analytical solutions can be very useful
for this purpose, although they can be usually ob-
tained only perturbatively for small spin and small
coupling.

Here, as a first step to develop precision tests of
gravity based on geodesic motion near stationary
BHs, we have constructed an analytical, approxim-
ate solution of EDGB theory describing a deformed
Kerr BH. The solution is valid to second order in
the spin and to seventh order in the theory’s coup-
ling parameter, thus extending previous solutions
that are valid only to quadratic order in the coup-
ling. With the analytical solution at hand, it is
straightforward to compute various quantities of
interest. We presented the corrections to the ho-
rizon and ergoregion location, moment of inertia
and quadrupole moment relative to the Kerr met-
ric, as well as the charge of the dilaton field that
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How does the spin affect the magnitude of the EDGB corrections?

As expected, EDGB corrections are larger
for larger values of the spin parameter 𝜒
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Conclusions
Accreting, stellar-mass BHs can be used to test 

   the strong-field, high-curvature regime of gravity.
   The QPO of their X-ray flux are a sensitive probe of their inner region.

We have considered the RPM of QPOs, in which they correspond to the
    azimuthal and epicyclic frequencies of circular geodesics near the ISCO,
   and EDGB gravity, probably the simpler best motivated  GR deviation which
   modifies its strong-field regime

To begin with, we have considered slowly rotating BHs. 
    We found that a detection of QPOs with the expected sensitivity of the
    proposed ESA M-class mission LOFT would set strong constraints on the
    parameter space of this theory

We are now extending our study to BHs at 2nd order in the rotation rate.
     At higher values of the rotation rate, circular stable geodesics can probe a
    region with higher curvature; thus, the EDGB deviations are stronger, and the
    QPO-based test is more effective


