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In this thesis we study a phenomenon of amplification of radiation, called
superradiance, in astrophysical objects.

Areas of impact: Astrophysics, gravitation and particle physics.

Some applications:
@ Search of dark matter candidates and physics beyond the Standard
Model (Arvanitaki et al. 2011),
@ Constrain the mass of ultralight degrees of freedom such as the
photon and the graviton (Paniet al. 2012, Brito et al. 2013),

@ Study the existence of hairy black-hole and star solutions (Herdeiro et al.
2014).
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Superradiance

Superradiance

A radiation enhancement process where the scattering of incident waves
on a rotating and dissipative system results in reflected waves with larger
amplitude.
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Superradiance

Superradiance

A radiation enhancement process where the scattering of incident waves
on a rotating and dissipative system results in reflected waves with larger
amplitude.

V= e MR (1) S (6) (1)

Superradiance condition: w < mf2 (2)
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Superradiance

Superradiance

A radiation enhancement process where the scattering of incident waves
on a rotating and dissipative system results in reflected waves with larger
amplitude.

V= WEIMPR (1) S (0) (1)
Superradiance condition: w < mf2 (2)

Confinement of superradiant modes — Instabilities

Presence of a massive field: mass works as a natural confinement.
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Outline

© Superradiance in stars
@ Wave equation
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Inside metric (r < R) (Shapiro and Teukolsky 1983)

5 -1
ds? = —e20 42 4 <1 _ m(r)> dr® + r? (d6? +sin® 0d¢?)  (3)

r
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Inside metric (r < R) (Shapiro and Teukolsky 1983)
2 20 4,2 2m (r) - 2 2 2 . 2 2
ds® = —e“Pdt* + 1—f dr® + r* (d6* +sin*6d¢*)  (3)
Outside metric (r > R)

oM oM\
ds? = — <1 - ,) dt? + (1 - ,> dr? + r* (d6” + sin” 0d¢?) (4)
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Inside metric (r < R) (Shapiro and Teukolsky 1983)
2 20 4,2 2m (r) - 2 2 2 . 2 2
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Outside metric (r > R)
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Inside metric (r < R) (Shapiro and Teukolsky 1983)
2 20 4,2 2m (r) - 2 2 2 . 2 2
ds® = —e“Pdt* + 1—f dr® + r* (d6* +sin*6d¢*)  (3)
Outside metric (r > R)

oM oM\
ds? = — <1 - ,) dt? + (1 - ,> dr? + r* (d6” + sin” 0d¢?) (4)

4 3\/ 2M 1\/ 2Mr2
. P=24 122 12
m(r) 37P e > = 5 =3

Stress-energy tensor (r < R)

T = (p+ P)U?U® + Pg®. (5)
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Since U? = (\/—g“,0,0,0),
p_ <\/1—2Mr2/R3—\/1—2M/R)’ ,o3M

3y/1-2M/R — /1 —-2Mr?/R3

Outside (r > R) P=p=0 = T, =0.
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Since U? = (\/—g“,0,0,0),
b <\/1—2Mr2/R3—\/1—2M/R)’ ,o3M

3y/1-2M/R — /1 —-2Mr?/R3
Outside (r > R) P=p=0 = T, =0.

Klein-Gordon equation (r > R = a = 0):

v
VaVav + a%t = 1V, (7)
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Since U? = (\/—g“,0,0,0),
p_ <\/1—2Mr2/R3—\/1—2M/R)’ ,o3M

3y/1-2M/R — /1 —-2Mr?/R3
Outside (r > R) P=p=0 = T, =0.

Klein-Gordon equation (r > R = a = 0):

ov

VOV 4+ a— = 2V
V.V + 5 — M (7)
Co-rotating frame (r < R only):

P=p-Qt = J=w-m (8)
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Separation of variables with Teukolsky’s ansatz

Y =e WHMIR (1) S (6). (9)
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Separation of variables with Teukolsky’s ansatz
Y =e WHMIR (1) S (6). (9)

Angular equation

2
—cotH% + m %> =

- ===\ 10
S sin’9 S (10)
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Separation of variables with Teukolsky’s ansatz
Y =e WHMIR (1) S (6). (9)
Angular equation

S  m? S

—COte? + sin29 - T A (10)
Simplifying
sind _ _— 5
T89(5|n9895)+)\sm 0=m" = IA=I[(I+1). (11)
@+ -my
5(9)\/ ()] P[" (cosb) . (12)
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Radial equation: R” (r) + A, (r)R'(r)+ B, (r)R(r) =0,
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Radial equation: R”(r)+ A, (r)R' (r)+ B, (r) R(r) =0,

Interior coefficients:

A (r)=e?e? + % + (1 - 2m(r))1 <mr(2r) - ml(r)) ;o (13)

r r

B, (r) = (1 - 2’"(’)>_1 <w2e_2“0 R ;) . (14)

r
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Radial equation: R”(r)+ A, (r)R' (r)+ B, (r) R(r) =0,

Interior coefficients:

Ar(r) =e?e? + % + (1 - 2m(r))1 (m(r) - ml(r)) ;o (13)

r r2 r

B, (r) = (1 - 2’"(’)>_1 <w2e—2w R ;) . (14)

r

Exterior coefficients:
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Coordinate and function transformation (r > R)

u(r)=rR(r), jri = <1 - 2:‘”) , (17)
d%u 5
o + [w® =V (r)]u=0. (18)
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Coordinate and function transformation (r > R)

v =R, 4= (1=, (17)

r

—V(nJu=0. (18)
Limit V (00) = 2> = u(o0) = Aooe+i\/mr* n Booe"\/m’*.

M (2w2 — ,u2)
f— .

2 (9)

i/ w2—p2r 1
Roo (r) = eXV&ir 0y D=, B =

w2 —p
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Coordinate and function transformation (r > R)

u(r)=rR(r), jri = <1 - 2:‘”) , (17)
d%u 5
2 + [w® =V (r)]u=0. (18)

Limit V (00) = 2> = u(o0) = Aooe+i\/mr* n Booe"\/m’*.

; 1 M (2w? — p2
Roc (1) = eV 50 %7 D, 2 g MEEZE) g

W2 — 112
Limit r — 0 5 111
R'(r)+ =R/ (r) - (; JR(r) = 0. (20)
Ro(r)=r"Y" Car®. (21)
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Outline

© Superradiance in stars

@ Amplification
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Amplification

Series expansions: C, and D, as functions of Cy and D;.

e (Cy: arbitrary (we choose Gy = 1),

@ D;: Ay for the outgoing wave; B, for the ingoing wave.
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Amplification

Series expansions: C, and D, as functions of Cy and D;.

e (Cy: arbitrary (we choose Gy = 1),

@ D;: Ay for the outgoing wave; B, for the ingoing wave.

Reflection coefficient | |2
Z(w) = ==, 22

e Z>1 =— medium amplifies,
@ /<1 — medium absorbs.
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Amplification
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Figure: u =0, aM =0.1, QM =0.01, I =m= 1.
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Outline

© Superradiance in stars

e Stability
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If u>w = +iJw? —p2=F/p? —w?

u(r) = Ase VI L B et Ve (23)
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If u>w = +iJw? —p2=F/p? —w?

u(r) = Ase VI L B et Ve (23)
Regularity: Boo =0 =— w =wg + iw; Quasi-boundstates
V= ew’te_im¢_i“RtR(r) 5(0). (24)

@ w; >0 = system is unstable,
@ w; < 0 = system is stable.
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Figure: QM =0.1, aM =5, R=5M, | =m=1.
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Figure: aM =20, R=4M, QM =0.2, | =m=1.
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Newtonian limit

If M/R << 1land QR << 1

R"(r) + %R’ (1) + (w2 ~iwa - ?2) R(r) =0, (25)

Jodo Luis Rosa (IST) Star and BH superradiance July 11, 2015 20 / 26



Newtonian limit

If M/R << 1land QR << 1
1" 2 / 2 : A
R (r)+;R (r)+ (w —iwa = 5 R(r)=0. (25)

Solution:

Rine (1) = ji (r\/(w “mQ) (ot w — mQ)) . r<R,  (26)

Rext (r) = Aji (rw) + By, (rw), r>R. (27)
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Newtonian limit

If M/R << 1land QR << 1

R"(r) + %R’ (1) + (w2 ~iwa - ;) R(r) =0, (25)
Solution:
Rine (1) = ji (r\/(w “mQ) (ot w — mQ)) . r<R,  (26)
Rext (r) = Aji (rw) + By, (rw), r>R. (27)
. 4aR?(Q—w) (wR)*M
Z=1+ (21 + 1)1 (21 + 3)N ’ (28)
o= L R=2M=1 — Z=1+EM(Q—W)(2M¢U)3 (29)
M’ ’ 45 '
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Newtonian limit
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Figure: Comparison of the reflection coefficients obtained numerically with the
analytical results.
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Conclusions

@ Stars display superradiance when dissipation is properly included;
@ There are no unstable modes for non-rotating stars;

@ There are no unstable modes for massless perturbations;

Unstable modes only occur in the superradiant regime;

Newtonian systems also display superradiance;

Relativistic effects related to frame-dragging are neglectable;
@ More sofisticated models are needed to describe dissipation.
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Relativistic effects

New metric:

2m(r)

-1
ds? — —e20dt2 1 (1 — ) dr®+r? [d92 +sin% 6 (do — ¢ (r) dt)ﬂ .

(30)
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Relativistic effects

New metric:

2m(r)

ds® = —e*Pdt? + (1 —
;

-1
) dr?+ 1 [d92 +sin20 (dg — ¢ (r) dt)ﬂ .

(30)
New quadrivelocity: U? =

([— (gec + 210 + 2855)] 2.0.0,2 [~ (g + 2020 + V)] _%>
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Relativistic effects

New metric:

2m(r)

ds® = —e*Pdt? + (1 —
;

-1
) dr?+ 1 [d92 +sin20 (dg — ¢ (r) dt)ﬂ .

(30)
New quadrivelocity: U? =

([— (gec + 210 + 2855)] 2.0.0,2 [~ (g + 2020 + V)] _%>
Interior equation:

g (-5l - =16+ PO - DB ).

(31)

¢"(n+-¢(r)=0, (32)
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Relativistic effects

Outside solution:
2J
Cout (r) = 3 (33)

Boundary condition:

Go(r) =Y Z.r™". (34)
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Relativistic effects

Outside solution:

2J
Cout (r) = 3 (33)
Boundary condition:
Go(r) =Y Z.r™". (34)

Matching:

f(r):Q—(,-,,t(r):J:%R“E’(R), Q:E(R)+E. (35)

Jodo Luis Rosa (IST) Star and BH superradiance July 11, 2015 25/ 26



Relativistic effects

Outside solution:

2J
Cout (r) = 3 (33)
Boundary condition:
Go(r) =Y Z.r™". (34)

Matching:

C(r)=Q—=Cime(r) = J= %R“E’(R), Q=C((R)+ 2 (35)
New coefficient:

B (r) = (1 - er('))_l (w (w0 +2mC (1)) €720 — 2 — fwar — ﬁ) .
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Relativistic effects
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Figure: Comparison of the reflection coefficients obtained numerically with the
relativistic results
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