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SUPERPOSITIONS IN WEYL METRICS

I System for Static and Axisymmetric spacetimes

I Weyl coordinates: t, ρ, z, φ (time-like, radial, axial,
equatorial)

I Metric: ds2 = −e2νdt2 + e2λ−2ν(dρ2 + dz2) + ρ2e−2νdθ2

I Einstein vacuum eqn:
ν,ρρ + ν,zz +

ν,ρ
ρ = 0,

λ,ρ = ρ
(
(ν,ρ)

2 − (ν,z)
2) , λ,z = 2ρνρν,z

I Einstein vacuum eqn: (alternative form):
ν(ρ, z) = 1

π

∫ π
0 ν(0, z + iρ cosα)dα,

λ,ρρ + λ,zz +
λ,ρ
ρ = −2 (ν,z)2
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SCHWARZSCHILD BH & BACH–WEYL RING

I ν = νschw + νext

I λ = λschw + λext

I (!) λext is not the same as λ for a single external source

I νschw = 1
2 ln d1+d2−2M

d1+d2+2M , λschw = 1
2 ln (d1+d2)

2−4M2

4d1d2

d1,2 ≡
√
ρ2 + (z∓M)2

I νext = − 2MK(k)
πl2

= − M
agm(l1,l2)

l1,2 ≡
√
(ρ2 ∓ b2) + z2 , k2 ≡ 1− (l1)2

(l2)2
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PROBLEM WITH WEYL COORDINATES

I νschw = 1
2 ln d1+d2−2M

d1+d2+2M

I Coordinate singularity (horizon) is placed at
ρ = 0, z ∈ (−M,M)

I (!) Problem: Weyl cordinates do not allow to describe the
area behind the horizon

I Solution:
I A) Trick with pure imaginary ρ
I B) Transform into Shwarzschild coordinates
I C) Transform into our coordinates
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ALTERNATIVE COORDINATES

I Weyl coordinates with % = iρ
ds2 = (−e2ν)dt2 + e2λ−2ν(−d%2 + dz2) + %2(−e−2ν)dθ2,

% =
√

r(2M− r) sin θ , z = (r−M) cos θ

I Schwarzschild coordinates
ds2 =

( 2M
r − 1)e2νextdt2 − e2λext−2νext

(
dr2

2M
r −1

+ r2dθ2
)
+

0 + e−2νextr2 sin2 θdφ2,

r = M
(

1 + cos ϑ1−ϑ2
2

)
, θ = ϑ1+ϑ2

2

I Ours (under horizon only)
ds2 =

( 2M
r − 1)e2νextdt2 + r2e−2νext

(
e2λextdϑ1dϑ2 + sin2 θdφ2)

% = M
2 (cosϑ2 − cosϑ1) , z = M

2 (cosϑ2 + cosϑ1)
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EINSTEIN EQUATIONS

I νext(ϑ1, ϑ2) =
1
π

∫ π
0 ϕ(sin2 α cosϑ1 + cos2 α cosϑ2)dα

ϕ(◦) ≡ νext(r = 2M, cos θ = ◦)
I λext,12 = −M

2 νext,r − νext,1νext,2
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GEOMETRIC INTERPRETATION OF E. EQN

A
B

C

D

ϑ2

ϑ1

λext,12 = −M
2 νext,r − νext,1νext,2

F,12 ≈ FA+FB−FC−FD
(π/n)2

r = M
(

1 + cos ϑ1−ϑ2
2

)
, θ = ϑ1+ϑ2

2

νext(ϑ1, ϑ2) =
1
π

∫ π
0 ϕ

(
sin2 α cosϑ1 + cos2 α cosϑ2

)
dα
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KRETSCHMANN SCALAR

I K = 12(R12
12)

2 + 16Rt1
t2Rt2

t1

I K = 8
[
(Rtr

tr)
2 + (Rtθ

tθ)
2 + (Rtφ

tφ)
2 − 2(Rtr

tθ)
2

r(2M−r)

]
I Interpretation of negative scalar

I Deviation of two particles ur,ut 6= 0 spread in t
D2δt
dτ 2 = −Rt

rtr(ur)2δt , D2δθ
dτ 2 = Rθ

trturutδt
I Deviation of two particles ur,ut 6= 0 spread in θ

D2δt
dτ 2 = Rt

rtθurutδθ , D2δθ
dτ 2 = −

[
Rθ

tθt(ut)2 + Rθ
rθr(ur)2

]
δθ
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KRETSCHMANN SCALAR

M = 0.2M, b = 0.08M
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KRETSCHMANN SCALAR

M = 0.2M, b = 0.4M
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KRETSCHMANN SCALAR

M = M, b = M
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KRETSCHMANN SCALAR

M = 5M, b = M
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CONCLUSIONS

I Well known methods (using Weyl coordinates) are not
very fit for under–horizon computation

I We found a different type of coordinates (describing
under–horizon only) with well–aranged geometric
interpretation

I We recognize a negative Kretschmann scalar under the
horizon even the spacetime is static and axially symmetric
(however the t-symmetry become space-like, so negative
values are not so suprisingly)
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THANK YOU

Thank you for your attention!
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