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The Harrison transformed solutions
Black holes in magnetic universes
@ Harrison transformation applied to the Minkowski spacetime yields

magnetic universe of Bonnor and Melvin
@ “Magnetised” black holes from asymptotically flat ones; MKN metric

A dr?
g=|425 |- 2 a2+ & yav?| +

g 2
> A I sin“ ¥ (dp — wdt)
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Introduction The Harrison transformed solutions

Black holes in magnetic universes

@ Harrison transformation applied to the Minkowski spacetime yields
magnetic universe of Bonnor and Melvin
@ “Magnetised” black holes from asymptotically flat ones; MKN metric

A dr?
— A2 2
g—|/1\2[ dt? + — +dv

5 sin? 9 (dy — wdt)?

@ Function A is constructed from Ernst potentials

. 1—1—%82 (szﬁ’—l—a2Q2§+coszz9)

sin2 9 + Q2 cos® 19) +
—i—BQ [arsm 9 — (r —i—a)cosﬁ]—

X
: M2 : 2,19_ 2
—%Bzacosﬁ [M (3—coszz9)+ 2 smE @

sin? 19]
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o Complicated form of dragging potential w and of electromagnetic field
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The potential P is given by
_ O+ SYB+ OPB + OB

il 43

(B.17)

where

& = 4[—qr( +da®) + apAcosb],

&) = —6ai* (P +a* + Acos?6),

©F = =3q[(r + 2m)a* — (* + 4mr + Acos’ 0)r + a* (23 (r + 2m) — 6mr* — 8m?r
—3Arcos?0)] + 3pA[3ar® + @ + a(d® + & — *) cos* ] cos 6,

b = —Jaldatm® +d*@ + 128°m°F +2d°G" + 2a*mr — 24>’ + 4P mr
—24a’m*? — daPmr® — 12m4* — Pt — 6mr® — 6rA2m(P + )
—§r]cos* 0 + AG* — 33 + 2mr + a*(@m* + & — 6mr)] cos® ).

(B.18)

The potential ®; = x is given by
g = Xt XoB+ XaB + X8

@,
i RH

(B.15)

where

Yo = agrsin® 0 — p(r* 4+ a®) cos 0,

Yo = 31 Zsin>6 + 357 (a® + 1 cos” 6)],

X = 3agr(? +a)sin* 0 — 3p(? + a*)? sin 6 cos ¢ + 3 pmr sin’ 6 cos 6
+3agm(r*(3 — cos? 0) cos 0 + a*(1 + cos? 0)] — Jagg®rsin® 6 cos® 0
—3p@1(? — @) cos? 6 + 2d] cost,

LR (7 +a®) sin* 0 + La®mr(? + a®) sin® 0 — La?@mr(5 — cos® 0) sin’ 6 cos®
+1a?n? [ (3 — cos? §)* cos ¢ + a*(1 + cos 62
+1@ (2 +a®)[? + @ + o sin® 0] sin?  cos” 6
+13*[7% cos? 0 + a?(2 — cos 0)*] cos? 0.

(B.16)
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The quantity o is given by

Q@mr — $)a+ 0B + 0pB + 0B + 0, B
0= 3 (B.8)
b3
where
g, = —2qr(r* + a*) + 2apA cos8,
0o = =34 (? +d* + Acos?6),

wa, = 4qnd’r + Lapg* cos’ 0+ Lgr(? + a)[? — @ + (P + 3a%) cos> 0]
+ap(? + )32 +a* — (F = a?)cos? 0] cos b
+g 1l + 3d) cos® 0 — 2d°) + Lapd*[3r* + @® + 24 cos” 0] cos 0
—am@* (2aq + prcos’ 0) + gmlr* — a* + (P 4 3a%) sin> 6]
—apmr2R* + (% + @) sin® 6] cos 6,

W = 3am’r(3 + cos* ) — Lai® cos® 0 — tag'[ (2 + sin?0) cos § + @ (1 + cos’ §)]
+i5ad’ (7 +a*)[r*(1 — 6¢os> 0 + 3cos* 0) — a® (1 + cos* 0)]
1P (3 + cos* ) + fam®[r*(3 — 6 cos* 0 + cos* 6)
+2a**(3sin* 0 — 2cos* 0) — a* (1 + cos* 0)]
+iamg*rcos* 0 + Lami?r(2* (3 — cos® 0) cos
—a*(1 = 3cos?§ — 2cos* )] + Jamr(r* + a®)[r*(3 + 6.cos? 6 — cos*#)
—a(1 = 6cos> 6 — 3cos* 0)]. (B.9)
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Introduction The Harrison transformed solutions

Black holes in magnetic universes ||

e Gibbons, G. W., Mujtaba, A. H., Pope, C. N. Ergoregions in
magnetized black hole spacetimes. Classical and Quantum Gravity,
30. 2013.

@ Problem with interpretation of the azimuthal coordinate, axis regular
if

1
@ € <0,2n [1 + 25202 +2B3MQa + B* <1604 + I\/I2a2)]>

@ Non-flat asymptotics resembling, but not identical to the
Bonnor-Melvin magnetic universe
o Approximately flat region if

1
I r —
P <r< g
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Black holes in magnetic universes ||

e Gibbons, G. W., Mujtaba, A. H., Pope, C. N. Ergoregions in
magnetized black hole spacetimes. Classical and Quantum Gravity,
30. 2013.

@ Problem with interpretation of the azimuthal coordinate, axis regular
if
3 242 3 a1 4 2.2
e |0,2n 1+§B Q°+2B°MQa+ B EQ + M<“a
@ Non-flat asymptotics resembling, but not identical to the

Bonnor-Melvin magnetic universe
o Approximately flat region if

1
e Lr =
B
@ Note: Generalised electrostatic potential ¢ = —A; — wA,
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Introduction Near-horizon limit

Infinite throat

Wi

il

(Reissner-Nordstrom, Q = M, t = const.)
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Introduction Near-horizon limit

Recipe for near-horizon limit of the metric

o Carter, Brandon. Black hole equilibrium states. Les Houches
Lectures, 1972.

o Bardeen, J., Horowitz, G. T. Extreme Kerr throat geometry:
A vacuum analog of AdS;, x .#?. Physical Review D, 60. 1999.
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Introduction Near-horizon limit

Recipe for near-horizon limit of the metric

o Carter, Brandon. Black hole equilibrium states. Les Houches
Lectures, 1972.

o Bardeen, J., Horowitz, G. T. Extreme Kerr throat geometry:
A vacuum analog of AdS;, x .#?. Physical Review D, 60. 1999.

@ One can factorise out a function A from some metric coefficients of a
general axially symmetric stationary metric

g=—AR2d? + g, (dp — wdt)® + % dr? + gy dv?

@ Let us assume that the black hole is extremal and coordinate r is
chosen so that hypersurface r = ry is the degenerate horizon

@ Then set
A=(r— ro)2
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Introduction Near-horizon limit

Recipe for near-horizon limit of the metric Il

@ Coordinate transformation depending on a limiting parameter p

r=r + px
-
t=—
p

@ Assume that N,g,,,gw,gw as functions of x have a finite, nonzero
limit for p — 0, so that just this expression is left to resolve

dy —wdt

@ Expansion of the dragging potential

W = WH ar r—nr) = wH ar PX

n r
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Introduction Near-horizon limit

Recipe for near-horizon limit of the metric Ill

@ Plugging in the expansion we get

B
dw—wdtid¢—<wH+w

d 0
PX —T:dgo—w—HdT——w xdr
or |, p p

@ It is necessary to add ,rewinding” of the azimuthal angle

w
p=v+ -7
p
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Introduction Near-horizon limit

Recipe for near-horizon limit of the metric Ill

@ Plugging in the expansion we get

9
d@—wdtid¢—<wH+w
or

d 0
PX —T:dgo—w—HdT——w xdr
" p p

@ It is necessary to add ,rewinding” of the azimuthal angle

w
p=v+ -7
p

@ For the Kerr-Newman solution we get the following limiting metric

g:[Qz—ka2 (1+c05219)] —X72d72+d192+d—x2 +
(Q2 + 2a2)? x?

2
(Q2 +242) 5 22V Q2 + a%x
Q? + a2 (1 + cos? V) sind | dv o+ (Q2 + 2a2)? dr
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Introduction Near-horizon limit

Near-horizon limit of the electromagnetic field

@ Again, we should expand to the first order and rearrange the terms

A=Adt+ A, dp =
. 0A d 0A .
= At|rg + - PX = + Atp|rg + - PX <d'¢) + il d7_> =
o p or |, p

or
. dr 0A 0A
- (At|fo+wH A99|r0)?+ <t :

or | T o

>xdr—|— A¢‘r0d1/1:

(] o]
0A
+ wh

or

®H O0A;
ar

=———dr+
p

) xdr + Av|r0 dy

n n

@ We assume the generalised electrostatic potential of the horizon ¢y to
be constant, so we can get rid of the singular term by changing gauge
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Introduction Near-horizon limit

Near-horizon limit of the electromagnetic field

@ Again, we should expand to the first order and rearrange the terms

A=Adt+ A, dp =
. 0A d 0A .
= At|rg + - PX = + A<P|rg + - PX <d'¢) + il d7_> =

o p or |, p

or
0A,
+ wH 73!’

>xdr—|— A¢‘r0d1/1:

. dr 0A;
- (At|f0 +wh A99|r0) ? " (6r

0A
+ wH s 2

or

]

) xdr + Av|r0 dy

®H O0A;
ar

=———dr+
p

ro

@ We assume the generalised electrostatic potential of the horizon ¢y to
be constant, so we can get rid of the singular term by changing gauge
o For Kerr-Newman we get

Q Q% + asin¥ »
A= Q2+32(1+cos219)< Q2 + 222 Xd7'+a\/msm 19d¢>
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General facts for extremal MKN black hole near the horizon

@ Metric has a simple structure involving AdS»

2 2
X > dx 2
=f(¥)|——F"——d — 4+ dv
g N()< (@7 + 2227 Tt >+
2 2\2 - 2
(@ +’2r?19)) sin ﬁ(dw—a)xdrf

@ Potentials do not depend on latitude

w = &x ¢ = dx
@ Electromagnetic field is highly constrained
Ar = (Nv E’rrF(r)(t)) ’ro X =A(9) x
Adi(ﬁ) l (AT(O) - ’2\7’(19)> ¢ = - A‘r|
o 9¥=0
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Near-horizon limit of extremal MKN black hole (raw)

o ——————————————
4 (a% + Q* +a? Ccos[0]2

[uasg'.gﬁa?g?Q\ {44582’} +8a' 8% (44982

) +20% (1641682 Q7 +B @'} +a® (48410487 Q7427 B0 Q) 4+

[16a° B + 1687 0 43202 B 0Val 0 +18a B (-4+38707) r8aB QY

ToQF (-4+3B° Q%) +a® (16-8B2 07 + 9B 0} | Cos[26

32a%B Q4322280 QP 41625 B\ at 4 +1627 B QP a?+Q? +4BQP (4482 Q) savaiiQ® (-16424B2Q%43 8¢ Q)
our1a)- { !

8 (2a?+0?)?

ounai= (12047 B* Vat v 0? +1522° B Yl g (4B Q) 207 (-2+BQ) (2+B@) (1648 Q') 2aatE Q| a5 ol )

B8aBQ?\Va?+Q® (80-16B8°Q?+3B'Q*}+8a’BVa%+Q* (16+13682Q? +5B* Q%) +a?Q (644123287 Q* _148B* Q' -9 B° Q) -

|5431Q5715§“Q7o1255735 2,0 +64a° B

o

(-4+3B7Q*) -242'B*Q (16-24 B2 Q*+B' Q') -8aBQ* Y

+QF (16-32B7Q*+3B' Q') +

8a’BVaf+0f (16+88°Q7+58°Q") +a?Q (64-30487 072368 ¢° - 98° Q) | Cos[26] - 322 BY @ (-20+ 87 @°} sin(e)?

[4:_25‘.0 [ABaﬁsﬂ.asa'B'QwanQ"aaacz\‘a‘.o‘ (4+5B20%) +8a'B® (449820 +207 (1641687 Q? +B* Q') +a® (484104 B2 07 + 27 8% Q') +

J+8aBQVa?+@Q® (-4+3B2Q%) +a% (16-8B2 Q%+ 0B Q')

[16a°8 v 1607 @t w322 B Qa1 07 v at et (e300 @

-

ZE[12Q212453Q'\‘ @ +B2 (16a% +16a? @ + Q')

out1s)= —

le«BZPAC)chzaEQ\"a"*Q-‘*E"}jlsa"*leazchQ"‘
[2 [48.3533.7253 B20Va?+0Q? +2B0Q' (8+B2 Q%) +8a' B (2498207 +2a0a?+Q? (4+15B70%) +a® BO? (52427 B2 07} +

[16a 8t vemoiizea® B2 oyal s gt vsatn (24382 @) a? B (as9m7Q?

v2a0va?i@? {24982 Q)| cos zg;H/

o +8aBQY

[18a° 8¢ + 962 B @/ -9

(4+5B2 0%} +8a'B? {4+9B2 0%} +20% {16+ 16 B2 0F + B! @) +a? {48+ 104 B 0? + 27 B )

[1600 5 s 1057 g 3200 0

Lg? +8atB? (~44382Q7) v8anQVatsQ? (44387 Q%) +a? (16-8E Q* 43R Q)| cos(26
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The equivalence

@ The near-horizon description of a MKN black hole can be obtained
from the one of the Kerr-Newman solution, using effective parameters:

M=+/Q2+ a2 (1 + %8202 + B2a2> + BQa
3=a2 <1 — §B2Q2 — 8232> — BQvV Q2+ a2
Q=0Q (1 — i3202> +2Bay/ Q% + a2

@ Note that by definition M2 = Qz + 3°

@ Rescaling of the Killing vectors

B 1

1+ 3B2Q2 +2B3Qav/Q% + 2% + B* (£ Q4 + Q222 + a%)

—
—_—
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The degeneracy and its corollaries
Near-horizon limit of extremal MKN black hole (factorised)

(02 + 232)2 sin2 ©

~ 2
79) (dy — Ox dT)

2 2

X 2, dx 2

g=f(0) | ——5——S5Zdr" + = +dv¥° | +
()< (@2 +2a2)° X2

1 2

£(9) = [\/oz +22 (1 + ZBZQ2 + 5232) + BQa] +
2

+ {a <1 - szQz - Bzaz> — BV Q2 + 32} cos? 9

2 1
b= [\/QZ T a2 <1+ Zquz +Bzaz) +

(Q2 + 2a2)2

+ BQa

{a (1 - zB2Q2 - Bzaz> —BQVQ@ + 32}
A= b X [Q (1 - %BZQZ> +2BayV/@? +a2] [o (1 - %Bzoz) +

£(9) Q2 +2a2

2 2
3
+2BayV/Q? + 32] + |:a (1 - ZBZQZ - 3232) — BQVQ2 + 22| sin®®

o (@+2)?[Q(1- 182Q?) +2Ba/Q7 + 2] sin? ¥
A = —
v 2f(9) 1+ 3B2Q2 +2B3Qa/Q2 + 27 + B4(%Q4+02a2+a4>
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Parameter space of a near-horizon MKN: 3 = M cos kN, @ = M sin jkn

—1.5 -1 —-0.5 0 0.5 1 1.5
Ykn (2 = M cosykn, @ = M sin k)
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Corollaries, related facts

@ General curve describing equivalent geometries

4 cosykN — Sin 2vkN SIn kN F 2 (1 + cos? ’YKN) COS KN
sin3 ykn 4 (1 + 3 cos? ykn ) sin Ak

BM =
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Corollaries, related facts

@ General curve describing equivalent geometries

4 cosykN — Sin 2vkN SIn kN F 2 (1 + cos? 'YKN) COS KN

BM = S —
sin® ykn + (1 + 3 cos? ykn) sin kN

o Lewandowski, J., Pawlowski, T., Extremal isolated horizons: A local
uniqueness theorem, Classical Quantum Gravity, 20, 2003.

@ All the extremal isolated horizons form a two-parameter family
{1, Qu}, i.e. they are all Kerr-Newman ones
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Corollaries, related facts

@ General curve describing equivalent geometries

4 cosykN — Sin 2vkN SIn kN F 2 (1 + cos? 'YKN) COS KN
sin3 ykn 4 (1 + 3 cos? ykn ) sin Ak

BM =

o Lewandowski, J., Pawlowski, T., Extremal isolated horizons: A local
uniqueness theorem, Classical Quantum Gravity, 20, 2003.

@ All the extremal isolated horizons form a two-parameter family
{1, Qu}, i.e. they are all Kerr-Newman ones

e Gibbons, G. W. , Pang, Yi, Pope, C. N. Thermodynamics of
magnetized Kerr-Newman black holes. Physical Review D, 89, 2014.

o Booth, I., Hunt, M. et al., Insights from Melvin—Kerr—Newman
spacetimes, Classical Quantum Gravity, 32, 2015.

@ Intuitive angular momentum J= éM, J= Jw = Jiy
o Different masses Mk = M/=, Mgk # M = My (open problem)
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Corollaries Il, Meissner effect

o Four Killing vectors leading to a Killing tensor

e Galajinsky, A., Orekhov, K., N = 2 superparticle near horizon of
extreme Kerr—Newman—AdS—dS black hole, Nuclear Physics B 850,
2011.
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Corollaries Il, Meissner effect

o Four Killing vectors leading to a Killing tensor

e Galajinsky, A., Orekhov, K., N = 2 superparticle near horizon of
extreme Kerr—Newman—AdS—dS black hole, Nuclear Physics B 850,
2011.

@ We can substitute for 3

‘3:5%.]\/ /©4+4j2_©2

@ Magnetic flux through the upper hemisphere of the horizon

03 471@:/

Av/}|19=g 5
— =

= £ 2 A ~2
M Q +\/Q4+4J

e Karas, V., Vokrouhlicky, D. On interpretation of the magnetized
Kerr-Newman black hole. Journal of Mathematical Physics, 32,
714-716, 1991.
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